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Abstract

We find all non-negative integers n such that congruence modulo n is stable under
exponentiation by positive integers, i.e. we show, that n = 1,2,6,42,1806 are the
only numbers for which the condition a =, b and ¢ =,, d imply that a¢ =, b,
a,b,c,d € N is satisfied. We also show in what sense this condition is close to the
conditions for Carmichael numbers.
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1. Introduction

We begin by setting notation: let Z be the set of integers, and let N be the set of
positive integers. For n € Z, we use the standard notation to denote congruence modulo
n: for a,b € Z, set a =, b if and only if n | a — b. We note, without proof, the following
basic facts:

(1) If a =, b and ¢ =, d, then
(a) a+c=, b+d,
(b) a —c¢ =, b—d, and
(¢c) ac =, bd;
(2) the congruences =,, and =_,, coincide,
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(3) =0 is the identity equivalence relation idg,
(4) = is the total equivalence relation Z x Z.

For the balance of the paper, n is an element in Z. Let n > 2 then 2n =, n and 2 #,, 1,
but since 2 = 2n/n and 1 = n/n, the congruence =,,n > 2, is never stable under the
partial operation of division. What about powers? Obviously, the assignment (a,b) — a®
is a partial operation on Z, but it is a complete operation on N.

Consider the following condition:

(P1) a =, b and ¢ =, d imply that a¢ =, b?, a,b,c,d € N.

Let n satisfy (P1). We have n+1 =,, 1 and a =, a,a € N. Thus, since n satisfies (P1),
we have a"™! =, a!. That is, n | " — a, and hence, n satisfies:

(P2) n | a™*! — a for every positive integer a.

We have shown that (P1) implies (P2). We now show the converse. Let a =, b, ¢ =, d,
for positive integers a, b, ¢, d. We must show that a® =,, b%. This is clear for ¢ = d (since the
congruence =, is stable under multiplication). Thus, assume that ¢ > d. Then ¢ —d = en
for some e > 1 and hence, ¢ = en+d,a" ' = (a"—1)-(a™* V4. .+1),a"—1 | a™—1,a |
a?,a(a”—1) | a(a™ —1), where a%(a"® —1) = a™*t%—a? = a®—a?. Consequently, a"™! —a
divides a®—a?, and since by (P2), n | a"*! —a, we therefore have n | a®—a?, i.e., a® =, a®.
And thus we have (P1) if and only if (P2).

2. Results

We come now to our central question: which positive integers n satisfy (P2)?
Firstly, let us consider n =1, 2,...10.

(1) n =1 obviously satisfies (P2).

(2) n = 2 satisfies (P2), since for each a € N, the numbers a® and a possess the same
parity (so that the difference a® — a = a(a — 1)(a + 1) is always even).

) n = 3 does not satisfy (P2), since 2* — 2 = 14 and 3 { 14.

) n = 4 does not satisfy (P2), since 2° — 2 = 30 and 4 { 30.

) n =5 does not satisfy (P2), since 26 — 2 = 62 and 5 { 62.

) n = 6 satisfies (P2), since a” —a = a(a — 1)(a + 1)(a® + a + 1)(a® — a + 1) where
the prime number 2 divides exactly one of @ and a 4+ 1 and the prime number 3
divides exactly one of a,a — 1, and a + 1, and hence 6 | a” — a for every a € N.

(7) m = 7 does not satisfy (P2), since 28 — 2 = 254 and 7 1 254 (as 254 = 7- 36 + 2).

(8) n = 8 does not satisfy (P2), since 2° —2 =510 =8-63 46,8127 — 2.

(9) n =9 does not satisfy (P2), since 2'© — 2 =1022 =9-113 + 5,91 20 — 2,

10

(10) n = 10 does not satisfy (P2), since 2!' — 2 = 2046 = 10 - 204 + 6,10 1 2! — 2.

Thus, among the integers 1,2, ...,10, only 1, 2 and 6 satisfy (P2) (and thus, the equiv-
alent condition (P1) as well). We're not there yet, but hey, it’s a start. What about the
integers 11,12 and beyond?

Let n satisfy (P2), n > 2. Firstly, we show that n is even. Assume that n is odd. Since
n satisfies (P2), we have n | (n —1)"*! —n+1 and consequently, n | (n—1)"T! +1; that is,
(n—1)"*1+1 =, 0. On the other hand, n—1 =, —1, and so (n—1)""! =, (~1)"*!. Since
n is odd, n+ 1 is even and (—1)"*! = 1. Thus, (n —1)"*' =, 1and (n - 1)""' +1=, 2.
We thus have 0 =, 2,n | 2,n = 2, a contradiction.

Secondly, we show that n is squarefree. Indeed, if m > 2, then n | m"*
m? | m™* m? ¢ m, and therefore, m? { n. Thus, n is squarefree.

L' — m, where
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We have found that n is a squarefree, even number. The sequence of such numbers
commences thusly (A039956):

2,6,10, 14,22, 26, 30, 34, 38, 42, 46, 58, 62, 70, 74, 78, 82, 86, 94, 102, . ..

We have shown that 2 and 6 satisfy (P2), but 10 does not. Let us calculate. We have
8=71,22=8,(2%) =, 14,212 =, 1,2 = 4,7 | 214 — 4,712 — 1,14 1 2" — 2,14 does
not satisfy (P2). Similarly, 23 =11 —3,20 =1 9 =13 2,2 =11 —8 =11 3,222 =1 48 =1
4,222 — 1 =11 3,11 1222 — 1,224 22 — 2,22 does not satisfy (P2), 24 =13 3,2'2 =13 27 =3
1,22 =13 1,226 =13 4,225 — 1 =13 3,13 1 226 — 1,26 1 227 — 2,26 does not satisfy (P2),
25 =30 2,230 =33 26 = 2.25 =34 22 = 4,231 =3, 8,231 — 2 =37 6,301 23! — 2,30 does not
satisfy (P2), 2° =34 —2,230 =34 (=2)0 =225 =34 4,23 =34 (—4) - 25 =34 (—4)(-2) =
8,235 —2 =34 6,34 1 235 —2, 34 does not satisfy (P2), 25 =19 —6,2!Y =19 36 =19 —2,230 =19
—8,2% =19 48 =19 10,238 =19 80 =19 4,2%% — 1 =19 3,191 2% — 1,38 239 — 2,38 does not
satisfy (P2). Further (somewhat laborious) calculations show that none from the numbers
46,58, 62,66, 70,74, 78,82,86,94, 102 satisfies (P2).

What about 427 Let us calculate! We have 16 =; 1,26 = 64 =; 1,36 = 27 .27 =,
(—1)(-1)=1,45=(26)2=; 12 =1,50=25-25.25 =7 43 = 20 =; 1 and 6° =; (-1)5 = 1.
If 74 a, then a =7 1,2,3,4,5,6, and we conclude that a® =7 1,7 | a® — 1. Consequently, 7 |
a”—a for every (positive) integer a. Since a**—a = (a"—a)(a**+a3*+a** +a'®+a'?+ab+1),
we realize that 7 | a*3 — a. And since 6 satisfies (P2), we have 6 | a” — a, and hence
42 | a*® — a. Thus, 42 satisfies (P2).

We now generalize the foregoing. Let n > 1 satisfy (P2) and, moreover, assume that
n+ 1 is a prime. We claim that n(n + 1) satisfies (P2). For, let a > 1 be arbitrary. Since
n satisfies (P2), we have n | a®t! — a,a"! =, a. Of course, a®(™t1) = (a"*+1)", so that
o) = gn gD =gt =g o | (D _ . The number n+1 is a prime. By
appealing to Fermat’s well known Little Theorem, we have that n+1 | a"*! —a,a"*! =4
a,a™" D = et = L a,n + 1| @D — . The numbers n,n + 1 are relatively
prime, and hence n(n + 1) | @™+ — ¢,

1 satisfies (P2), 1 +1 = 2 is prime. And now: 2 satisfies (P2), 24+ 1 = 3 is a prime,
2-3 = 6 satisfies (P2), 6+1 = 7 is a prime, 6-7 = 42 satisfies (P2), 42+ 1 = 43 is a prime,
42 - 43 = 1806 satisfies (P2). However, 1806 + 1 = 1807 = 13 - 139 is not a prime.

We gather more information about numbers satisfying (P2). Let n > 2 satisfy (P2), and
let p be a prime that divides n. We show that p—1 divides n as well. This is clear for p = 2,
and so let p be odd. Assume that we are given a positive integer w such that p { wk —w for
k=2,3,...p—1. Wehaven =r(p—1)+s, where r > 1 and p—2 > s > 0. Furthermore,
n | w"t! — w, and therefore p | w"t! — w. With respect to Fermat’s Little Theorem,
p | wP—w. Asptw?—w, wehave pfw,p | wP~1-1,wP~! =, 1, w1 =, 1,p| w'P=H 1.
But w"t! —w = (w"® Y — Dw*t! + (w*t — w), and it follows that p | w*t* — w. Since
1<s+1<p—1,weget s+1=1,s=0,and p—1|n, and our claim is proved.

The question remains: Why does such a “nice” number w exist? Of course, it is
easy to check that we can choose w = 2 for p = 3,5,11,13,19,29,37,53 and w = 3 for
p = 7,17,31,43. Alas, there are infinitely many prime numbers; happily, the desired
numbers w are known as “primitive roots modulo p” and their existence was proved by
none other than C. F. Gauss [1, article 315].

We are now able to formulate the main scholium of this paper.

Theorem 2.1. The following five conditions are equivalent for a positive integer n:

(P1) a¢ =, b whenever a, b, c,d are positive integers such that a =, b and ¢ =y, d.

n | a"t! — a for every positive integer a.

n is squarefree and n | a™ — 1 for every positive integer a such that ged(n,a) = 1.
n is squarefree and p — 1 divides n for every prime p dividing n.
n=1,2,6,42,1806.
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Proof. We have already proved that the conditions (P1) and (P2) are equivalent, that
(P2) implies both (P3) and (P4), and that (P5) implies (P2). To complete the proof, we
show that (P3) implies (P4) and that (P4) implies (P5). We turn our attention first to (P4)
implies (P5). Let n satisfy (P4), n > 2. Then there are k£ > 1 primes p; < pa < -+ < pg
(if k > 2) such that n = p1p2 - - - px.

If p1 were odd, then n would be odd, contradicting the fact that the even number p; —1
divides n. Thus, p; = 2 and n = 2, provided that k = 1. Hence, assume that k > 2. Then
p2isodd, pa —1|n,2 < ps —1 < py,p2 — 1 is squarefree and no odd prime divides pa — 1.
Thus, po —1 =2 and py = 3.

If K = 2 then n = 6. Assume therefore, that £ > 3. Then 5 < p3,4 < p3s—1 <
p3,ps — 1 | m,p3 — 1 is squarefree, p3 — 1 | 6,p3 — 1 = 6,p3 = 7 and n = 42, provided
that & = 3. If k > 4 then 11 < py, 10 < py — 1 < py, ps — 1 | p1paps, p1paps = 42,p4 — 1
is even and squarefree, py — 1 = 14,42, p4 = 15,43. But 15 is not a prime, and hence
pgy = 43. If k = 4, then n = 1806. Assume, finally, that k& > 5. We have 43 = ps < ps,
so that 47 < p5,46 < ps — 1 < p5,p5 — 1 is an even number dividing 1806,p5; — 1 =
86, 258, 602, 1806, p; = 87,259, 603, 1807.

On the other hand, none of these numbers is a prime: 87 = 329,259 = 7 - 37,603 =
32.67,1807 = 13 - 139. We have shown that k < 4 and n = 2, 6,42, 1806.

The final step is to demonstrate that (P3) implies (P4). Let n > 2 satisfy (P3) and take
an odd prime p dividing n. Let w be a primitive root modulo p (w > 1 and p 1 wk —w
for k = 2,3,...p — 1) such that ged(n,w) = 1. Now, proceeding as before, we write
n=r(p—1)+sr>1p-2>s>0n|w"—1,p|w ' —1,w*—1= (0P - 1w+
(ws_l)’p|ws_1>3:07p_1|n'

Why should a primitive root w coprime to n exist at all? Well, take any primitive root
wo > 1 and put wg = wy + kp for every £ = 0,1,.... We get an increasing sequence
wy < wy < wg < ... of primitive roots modulo p. Now we make use of Dirichlet’s
magnificent Prime Number Theorem, according to which, our sequence of primitive roots
contains infinitely many prime numbers. Consequently, w = wy, is a prime primitive root
greater than n for at least one k. The equality ged(n,w) = 1 follows trivially.

The equivalence of the five conditions (P1), (P2), (P3), (P4), and (P5) is now fully
established! O

Regarding (P3) and (P4), notice that all the products n = 2% -3% a > 1,b > 0 fulfill
weaker conditions:

(P3') n | a™ — 1 for every positive integer a such that ged(n,a) =1,

(P4") p — 1 divides n for every prime p dividing n.
[Notice also that n = 0 satisfies (P1), (P2), (P3'), (P4') and (P5’) where P5 means
n=0,1,2,6,42,1806.]

This means that the conditions (P1), (P2) and (P5') are equivalent for every non-
negative integer n. It is worth mentioning that 42 + 1806 = 1848 where 1848 is generally
believed to be the greatest integer m such that m # ab+ ac+ be for any three distinct pos-
itive integers a, b, ¢ (known to be true, provided that the generalized Riemann Hypothesis

holds).
Finally, we note that the following conditions are equivalent for a positive integer n:

(Q1) (a+b)" =, a™ + b™ for all positive integers a,b (the “Freshman’s dream', [2, p.
121]).

(Q2) n | a™ — a for every positive integer a.

(Q3) n | a®! —1 for every positive integer a such that ged(n,a) = 1.

(Q4) n is squarefree and p — 1 divides n — 1 for every prime p dividing n (Korselt’s
criterion, [3]).
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It is a known fact all prime numbers satisfy the (equivalent) conditions (@Q1), (Q2), ... (Q4);
moreover, there exist infinitely many composite numbers satisfying the conditions [4]. The
latter numbers are known as Carmichael numbers [5], [6] (and many other names as well),
and their sequence (A002997) starts as follow:

561, 1105, 1729, 2465, 2821, 6601, 8911, 10585, . ..

The ﬁr§t members of this sequence were first published in 1885 by the Czech mathe-
matician Simerka [7].
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