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Abstract

In this paper, we establish the local higher integrability for minimizers of a multi-phase
functional involving logarithmic growth. The problem is investigated under standard as-
sumptions regarding the Holder continuity of the coefficients and the exponents within
the multi-phase operator. Our proof follows the framework developed by De Filippis and
Oh in [14], combined with a careful treatment of the logarithmic growth term. More
specifically, we derive a reverse Holder inequality for the gradient of the minimizers, which
represents a crucial step in the regularity theory for non-uniformly elliptic problems. By
employing a delicate iteration technique and handling the additional complexity intro-
duced by the logarithmic factor, we demonstrate that the gradient belongs to a slightly
better Lebesgue space than the one initially prescribed by the natural energy. The ob-
tained results may provide insights into generalizing these findings to multi-phase problems
involving more general N-functions.
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1. Introduction

The primary objective of this study is to explore the regularity of local minimizers
for the multi-phase variational energy functional G, defined on the Orlicz-Sobolev space
WLEO(Q), given by

G(w, Q) :== / G(z, Dw) dz, for every w € WHC0(Q). (1.1)
Q

The function G : 2 xR™ — R was mentioned above, which exhibits a multi-phase structure
combined with logarithmic growth, is formulated as

G(x,€) == [¢[Plog (e + [§]) + a(2) €] + b(2)[E]°, = €, e R™ (1.2)
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In the formulation above, {2 C R™ denotes a bounded open set and v is a positive param-
eter. We assume the exponents satisfy 1 < p < ¢ < s, while the weight functions a(-) and
b(-) are required to be Holder continuous, specifically:

a€C®(Q),beC®(Q), with a,8¢€(0,1]. (13)

For the subsequent analysis, it is crucial to clarify the notion of a local minimizer
associated with the map § in (1.1).

Definition 1.1. We say that a function u € W1(£) is a local minimizer of the functional
G defined in (1.1) if G(-,|Dul) € L'(2) and the following minimality property holds:

§(u, supp(u — v)) < §(v, supp(u — v))
for all v € VVl})c1 () such that the support of the function v — v is a subset of 2.

A central characteristic of the functional G involves the transition in its growth and
ellipticity types, a phenomenon triggered on the sets where a(x) = 0 or b(z) = 0. Varia-
tional problems with non-standard growth conditions have attracted significant attention
owing to their applications in mathematical physics and materials science, particularly in
describing strongly anisotropic materials. A simple model of this problem occurs in the
case b =0 and v = 0, where (1.1) reduces to the classical double-phase problem. A well-
known instance of this is the double-phase integral P, defined as below, which provides a
clear illustration of such behavior

P(w, Q) := /Q(]Dw|p +a(x)|Dw|?)dz, 1<p<aq. (1.4)

The functional P defined in (1.4) serves as a fundamental model for nonautonomous
problems characterized by nonstandard polynomial growth and a mild form of nonuniform
ellipticity. This mathematical structure was pioneered by Zhikov [28-30], whose research
offered an insightful framework for analyzing materials with pronounced directional prop-
erties. Following this, the regularity for local minimizers of the functional P and the related
Euler-Lagrange form was explored by P. Marcellini in the seminal papers [19,20]. Later,
the regularity for double-phase functionals has been extensively developed in recent years,
most notably through the contributions of Baroni, Colombo, and Mingione [1-4, 10, 11].
Consequently, there is now a vast literature dedicated to the existence and regularity of
solutions for non-uniformly elliptic functionals, particularly those involving (p, ¢)-growth
conditions. Specifically, it accounts for hardening effects that vary according to the ex-
ponents p and ¢g. For a comprehensive overview of recent developments in the case of
exponents, we refer the interested reader to [4,6,7,9,21,24,27] and the references therein.

In close connection with the double-phase operator P above, we recall the classical
functional £ associated with nearly linear growth, expressed as

w i L(w, Q) := / | Dw|log(1 + |Dw|) dx.
Q

This kind of operator was presented by Mingione and Siepe in [22], which demonstrates,
for instance, in the theory of plasticity with logarithmic hardening. More recently, the
investigation of double-phase problems featuring logarithmic operators has gained interest,
notably in [8,12,13,18,23,25,26]. Additionally, to generalize the double-phase operator,
C. De Filippis and J. Oh [14] considered a multi-phase functional defined by the following
energy:

we WHO(Q) = H(w, Q) = / H(z,Dw)dz, 1<p<q<s, (1.5)
Q

with H(z,&) = [P +a(x)|£]9+b(2)|€]*, for z € 2 and £ € R™. They proved the regularity
for local minimizers of this multi-phase energy under sharp assumptions relating a, b and

p,q,s.
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While the regularity theory for double-phase and multi-phase functions are now well-
established, the transition to multi-phase scenarios with logarithmic perturbations presents
new challenges. Motivated by the aforementioned studies, and particularly by [14], we in-
vestigate the minimizers of the functional involving the operator G as defined in (1.1).
The presence of the term log” (e + [£]) of this functional requires a more delicate handling
of using and combining inequalities. The central contribution of this work is the proof
of a Gehring-type higher integrability result. This result is also known as a version of
the reverse Holder inequality, which is considered the first and most crucial step in in-
vestigating the regularity of solutions for variational inequalities and their corresponding
Euler-Lagrange equations. We show that under suitable Holder continuity assumptions on
the coefficients a(-), b(-) and exponents p, ¢, s, the gradient of a local minimizer u possesses
a higher degree of integrability than what is naturally required by the energy functional.
This result serves as a fundamental step toward further regularity estimates, such as local
boundedness of the local minimizers, gradient continuity or investigating the regularity of
solutions for several classes of corresponding problems.

Let us introduce appropriate conditions between the Hoélder constants of coefficients
a(+),b(-) and exponents p, g, s. A key aspect of the functional P in (1.4) for the case p < ¢
is how the ratio % relates to the Holder continuity of the coefficient a(x). In this context,
Baroni, Colombo, and Mingione [2,3] proved that the necessary and sufficient requirements
for the regularity of minimizers associated with the funtionals in (1.4) are expressed by

a(-) € C"*(Q) and % <1+ %

Moreover, C. De Filippis and J. Oh [14] studied about the multi-phase variational energy
function (1.5) under following sharp conditions

4 <1+ @ and

P n
In this paper, we show that assumptions (1.6) are also sufficient conditions to obtain a
Gehring-type inequality for problem with logarithmic growth (1.1). While our techniques
and theorems largely align with previous results, particularly in the investigation of terms
in the ¢- and s-phases, the primary challenge arises from analysing and estimating the
term coupled with the logarithmic function. However, by treating this term through the
lens of N-functions, it can be fully addressed using an extended version of the classical
Poincaré-Sobolev inequality, combined with several subtle transformations. An interesting
observation is that the logarithmic term does not seem to significantly affect the regularity
of solutions for this multi-phase problem. This suggests the possibility of generalizing the
logarithmic operator to more general N-functions.

The remainder of the paper is organized as follows. In Section 2, we introduce some
general notation and recall basic preliminary results on N-functions and several func-
tion spaces, including Hoélder and Orlicz-Sobolev spaces. The main result of the paper
is presented in Section 3. The proof scheme consists of three steps: (i) establishing a
Caccioppoli-type inequality for operators with logarithmic growth; (ii) proving the cor-
responding Sobolev-Poincaré inequality; and (iii) deriving the local higher integrability
result using Gehring’s Lemma.

p
<1+ (1.6)

D ®»

2. Preliminaries

This section is primarily devoted to introducing the fundamental notation, lemmas, and
theorems that will be employed throughout the paper. To begin, let 2 be an open bounded
domain in R™ for n > 2. We adopt the convention C := C(n,p,q,s,7) to indicate that
the constant C' depends exclusively on the parameters n,p, ¢, s, and . The symbol

By(xzo) ={x € R" : |[x — x| <71}
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represents an open ball of radius » > 0 centered at xg in n-dimensional space. Where no
confusion arises, we will remove the center and write B, instead of B, (xz¢). Specifically, if
the particular information about the center is not mentioned, balls with different radii are
assumed to be concentric. Furthermore, for any measurable set A C R™ with 0 < |A| < oo
and a measurable mapping f : A — R, the symbol (f)4 represents the average integral of

the function f over A as
Dai= 1. f@)de = o [ 1ia)
][ [A]

For A = B,, we simplify the notation by setting (f), := (f)p,. In addition, the symbols
below will be utilized throughout this work:

in-data; = (n,p,q,s,v) and in-datas = (n,p,q, s, 7, [a]o.q, [blog)-

2.1. N-functions and properties

A thorough understanding of N-functions and their properties is essential, as the func-
tion G defined in (1.2) - the central model of this study - exhibits the structure of an
N-function with respect to the variable £&. Furthermore, our analysis throughout this
paper focuses primarily on Orlicz-Sobolev spaces, which are fundamentally constructed
based on the framework of N-functions.

Definition 2.1. A function M : R — R is called an N-function if it can be represented
as

|l
M(u) = /0 o(z) de,

where ¢ : [0,00) — [0,00) is right continuous in [0, +00) and positive in (0, +o00). Fur-
thermore ¢ is a non-decreasing function satisfying the conditions

©(0) =0, and tli}m o(t) = o0. (2.1)

Consider a mapping ¢ : [0,00) — [0, 00) which is given by
a(s) = supft € [0,00) : () < s}.

It is well known that ¢ is a non-decreasing function satisfying the conditions (2.1). Fur-
thermore, ¢ is right continuous in [0, +00) and positive in (0, 400).

Definition 2.2. The function M*, determined by

|ul
M) = [ o)
0
where ¢ is given in Definition (2.1), is defined as the complementary function to M.

We say an N-function M fulfills the As-condition provided that a constant ¢ > 0 can
be found such that
M(2t) < ceM(t), for allt > 0.

Let Ago(M) denote the smallest constant ¢ satisfying the last inequality. Furthermore, in
the case of a collection { My} of N-functions, we set

Ax({My}) = SUp Aa(My).
Reference [17, Theorem 4.2] provides a detailed proof for the following result.

Theorem 2.3. The As condition is satisfied by the complementary function M* of an
N-function M if and only if one can ﬁnd a fizxed constant | > 1 yielding the inequality

M(t) < 2lM(lzf) for every t > 0.
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2.2. Some important function spaces

In this subsection, we collect the fundamental definitions and notation regarding the
function spaces that will be employed throughout this paper, including Hélder, Sobolev,
Orlicz and Musielak-Orlicz spaces.

Given an open set 2 C R™ and a real number v € (0,1], a function f : Q@ — R is said
to be Holder continuous with exponent « if there exists a constant C' > 0 such that the
following inequality holds

‘f(x) - f(y)‘ < C‘l’ - y”Y’ for all T,y € Q.

If f is Holder continuous with exponent ~ on ), we write

|f(z) = fy)l
1 flle@ = Sup [f@)ll, and  [floy0= AU Py R

When the domain © is clear from the context, we may simplify the notation [f]o .o to

[f]O,v-

Definition 2.4. The Holder space C*7() comprises all functions f for which the norm
is finte

1 fllerm@y = D 1D fle@w + Y [P floqy.a < oc.

o] <k | <k

Definition 2.5. For any non-negative integer k£ and 1 < p < oo, the Sobolev space
WHP(Q) is comprised of all locally summable functions f whose weak derivatives D f
belong to the LP() for all |a| < k. We equip this space with the norm defined by

[ fllwrr ) = ( S| IDYfP dac) .

o<k

We also define two related spaces. The space Wéf P(Q) is the closure of C°(Q) in

WHP(Q). The local Sobolev space VV/ZCP(Q) is comprised of all locally integrable functions
f, with the property that D*f € L} () for every multi-index |a| < k.

Next, we provide definitions of Orlicz, Orlicz-Sobolev and Musielak-Orlicz-Sobolev
spaces, along with related function spaces. The main results of this paper focus on the
regularity of functions belonging to these spaces.

Consider an N-function M and a bounded open set 2 C R™. We denote the Orlicz class
by £M (), which gathers all real-valued measurable functions v on € providing a finite

modular pps(u) < oco. Here, the modular functional is given by
puw) i= [ M(ju(o)]) da.

Definition 2.6. The Orlicz space LM (Q) is the collection of all Lebesgue measurable
functions f defined in Q such that there exists £ > 0 for which pM(g) < 00.

Definition 2.7. The Orlicz-Sobolev space WM (Q) is identified as the subspace of L™ ()
containing functions f such that all weak derivatives D®f also belong to L (Q) for all
la] < k.

The two related spaces W(f M(Q)) and VV/ZCM(Q) are defined in a similar way. We now
consider an extended definition of N-functions, which are Musielak-Orlicz functions.

Definition 2.8. Let €2 be an open subset of R”. A function ¢ :  x [0, +00) — R is called
a Musielak-Orlicz function if it satisfies both conditions below:

i) ¢(z,-) is an N-function for all x € Q.
ii) (-, t) is a Lebesgue measurable function for all ¢ € [0, 4+00).
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In a similar way to Orlicz and Orlicz-Sobolev spaces, we have the following definitions.

Definition 2.9. The Musielak-Orlicz space L?(2) is the collection of all Lebesgue mea-
surable functions f defined in €2 such that there exists k > 0 for which

/S)gz)(ac,’f(]:”> dzr < oo.

Definition 2.10. The Musielak-Orlicz-Sobolev space W## () is defined as the set of all
functions f such that all weak derivatives D f also belong to L#() for all |a| < k.

Finally, the two related spaces Wg #(Q2) and Wllf)’f(ﬂ) are defined in a similar way.

3. Higher integrability for logarithmic multi-phase functionals

Our proof scheme consists of three steps. The initial step is establishing Caccioppoli
inequality, which means estimating the average integral of G(-, Du) on some ball in terms of

(W)r

the average integral of G (-, H_T) on a larger ball. In the next step, we prove a Sobolev-

Poincaré type inequality in order to derive an inverse estimate for a lower integrability
of G(-, Du). Finally, the main result is obtained by applying the Gehring’s lemma to the
function G(-, Du), which is shown to satisfy a weak reverse Holder inequality.

3.1. Caccioppoli inequality via logarithmic growth

In this subsection, we execute the first step of our proof scheme. To prove the Cac-
cioppoli inequality, we employ some basic estimates for functions expressing logarithmic
growth. The two lemmas below are quite simple and can be proved by some elementary
calculations. However, we present the proofs in detail so that readers can follow them
more easily.

Lemma 3.1. Let v > 0 and p > 0. Then, there holds

Y
log"(e + 1) < <7> (e+1)°, forallt>0. (3.1)
ep

Proof. Let us set ¢ : [1,00) — R to be the function formulated as
v e
t)=—tv —logt, tel|l .
plt) = ot —logt, [1,00)

One can easily see that ¢/(t) = Lyy 1

T e

1
t

we have ¢(1) = elp,<p(e%) = 0 and tli+m ©(t) = +oo. For this reason, we may observe
—+00
that ¢(t) > 0 for all ¢ > 1. This implies the desired inequality

7 /y
log”(t) < () tP, forall t > 1,
ep

so ¢'(t) = 0 if and only if t = er. In addition,

which allows us to conclude (3.1). O

Lemma 3.2. Let G be the function considered in (1.2). Then there exists a constant
¢ := c¢(in-dataj) > 0 such that

G<x7§1 + €2) < C[G(.’Ii,fl) + G(%,fg)}, fO?" all 51752 e R"
Proof. For a fixed z € 2, let us consider a function ¢ : [0,4+00) — R defined by
g(t) =tPlog"(e + t) + a(z)t? + b(zx)t*, ¢>0.
For every t1,to > 0, the direct computation gives us
g (751 + tz) > g(t1 +t2)

2 20 ’
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where o = max{p+, ¢, s}. Moreover, it is easy to check that g is convex. It follows that

; (t1 +t2> - g(t1) + g(t2)

2 2

Combining two above inequalities, it follows that
gty +t2) <27 g(t1) + g(t2)], for all t1,t2 > 0.
Thus, the proof is complete by noting that G(z, &) = g(|¢]) for all £ € R™. O
The main idea to prove the Caccioppoli inequality is the lemma below, which has been

proved by Giusti in [16].
Lemma 3.3. Let Z : [p,7] — R be a continuous and bounded function with given 0 <
o < r. Assume that for all o <t < k <7, the following inequality holds:
Ay Ag As
Z(t) <0Z(k

=020+ G o7 T -0

where Ay, Ag, Az, a, 8,7y > 0 and 0 < 0 < 1 are given constants. Then the following
estimate holds:

(3.2)

Aq As As
o T r—0f "ol

Proof. Let us consider an increasing sequence (t;);>0 C [, r] defined by

Z(0) < (@, 8,7,0)

to=o0and tjy1 =t;+ (1 — NN (r— o), j >0.

Here, A € (0,1) represents a parameter that will be fixed in the sequel. For every i > 0,
assumption (3.2) gives us

Nl A P Ay PNl As
Z(t;) < 0Z(tiq) + + + .
) < O2) e =g T AP =P T - (= o
Let us define K = max{a, 3,7}, it follows that
AT Ay As As
Z(t;) < 0Z(tit1) + [ + + ] .
) < 02E) ¥ Ty g TP T -0

By iterating the inequality on the intervals [t;_1,¢;] for each j > 1 and using induction,
we obtain the estimate

i 1 i A A As
200 <0'26) + 3 2 O |2 o *

We now choose A such that 0A™" < 1. Taking the limit as j — oo in the above inequality,
we get the conclusion with ¢ = (1 — A=) ~1(1 — \) 7%, O

Remark 3.4. Note that the number of constants A; does not change the form of the final
result. The same estimate holds for [ such constants Ay, Ao, ..., A;. We will use this lemma
for I = 5 in the following theorem.

Theorem 3.5. Letu € W'llo’cG(')(Q) be a local minimizer of the map G given by (1.1), where
conditions (1.3) and (1.6) hold. Then there exists a constant C := C(in-dataj) > 0 such
that for any ball B, C (), the following inequality holds:

G(z,Du)dx < C G (x, u—r(u)r> dzx. (3.3)

B B

r
2
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Proof. As mentioned above, we prove (3.3) by applying Lemma 3.3 and Remark 3.4 to
the map ¢t — [ B, G(z,Du)dz. In other words, we will show that this map satisfies an
inequality of the form (3.2).

Firstly, we use a well-known technique which was presented by Giusti [16, Theorem
7.1]. Let us fix a ball B, C Q. For § <t < k <r, we consider 7 as a function in C§°(By)
which fulfills

4
|Dn| < s 0<n<1, andn=1on B;. (3.4)
We set w :=u —n(u — (u),) as a comparison function. It is clear to see that
w e VVI})’Cl(Q), Dw =0 on B; and supp(u — w) C By.

Then the minimality of u gives §(u, Bx) < G(w, By), which is equivalent to

G(z,Du)dx < G(z, Dw) dx = / G(z,(1 = n)Du — (u — (u),)Dn) dx.
By, By, Bi\Bt

Applying Lemma 3.2 and (3.4) on the right-hand side of this inequality, it yields

G(z,Du)dx < c/ G(z,Du) dx

By Bi\B:
N W /B = (@l 1og? e+ D — ()] do
g [, a@h = e
ro [ @)l (a) (3.5)

On the other hand, by applying the fundamental inequality
log”(e + ab) < c(v)[log” (e + a) + log” (e + b)], Va,b >0,
one gets that

u— (u),

log™ (¢ + | D(u — (u),)]) < C [logwe 4 r[Dy) + log? ( + \ !

)]

Moreover, Lemma 3.1 and (3.4) allow us to estimate

log” (e + r|Dnl) < C (1 + 7 - t) :

which guarantees that

[ 1= g 4 Drtu— e < e (14 75 ) [ - e

T u— (u)y

+ C/BT lu — (u),|P log” (e + ) dzx. (3.6)
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Combining estimates (3.5) and (3.6), it gives us the following result

G(x,Du)dx < c/ G(x,Du) dx + ﬁ /Br lu — (u),|P du

By \B:

+(/~c—C:)P+1/B u — (u),|? do
i (k—ct)P/B lu — (u),[Plog? (6+ ‘u—r(u)r

DT /B a(x)|u— (u)r|? dz
M= /B b(w)[u — (u),[* de, (3.7)

By

) do

where ¢ := c¢(in-data;) > 0. By adding to both sides of (3.7) the quantity c/ G(z, Du) dx,
B
we come up with t

G(z,Du)dx <0 G(z, Du)dx + c/ lu — (u),|P dx
Bt By, (k - t)P B

cr

Tl MU O
g e og (e [HE

+ (k‘_t)q/BT a(z)|lu — (u),|?dx
+ (k_t)S/BT b(x)|u — (u),|* dz,

where 0 = -7 < 1. We can now utilize Lemma 3.3 along with Remark 3.4 for Z(t) =

) da

G(x, Du) dx, so that the subsequent estimate can be established

By
Gle.Duyds < = [ ju— 10w e+ [ =) )
Py
w5 [ @l @ S [ ot b e
This inequality allows us to conclude (3.3). The proof is complete. O

3.2. Sobolev-Poincaré inequality

Next, we prove a Sobolev-Poincaré type inequality for the function G. Polynomial
growth terms can be addressed similarly to the approach in [14]. Hence, our primary
focus here is handling the logarithmic growth term.

Theorem 3.6. Under all assumptions of Theorem 3.5, then there exists a constant C =
C(in-datay, || Dul[1»(B,)) > 0 and an exponent d = d(in-data;) € (0,1) such that

f G (x “_T(“)) de < C (f G(m,Du)dda:>; , (3.8)

for all ball B, C Q with r < 1.
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Proof. Taking r € (0, 1] such that B, C €, let us denote

ar =1~ sup a(z), and b, = 7 sup b(z).
z€B; TEB-

By (1.2), it is possible to decompose the average integral on the left-hand side of (3.8) as
follows

r

][ G (x “_(“)> Ao =T, 105 + Jq + s, (3.9)

where Jp, 104, J4 and J, are given by

_ p _
Iplog = ][ 7\11 ()| log” (6 + 7\u (u)r|> dzx,
B,

TP r
_ q _ K]
Jg == ][ a(:v)M dr, Js ::][ b(w)wdaa
B e B re

Similar to the proof in [14], we also prove (3.8) in four following cases

Case 1: a, < 4[a]o, and b, < 4[b]o g, (3.10)
Case 2: a, > 4[a]o,o and b, > 4[b]o g, (3.11)
Case 3: a, > 4[a]o,o and b, < 4[b]o g, (3.12)
Case 4: a, < 4[a]o,o and b, > 4[b]o g (3.13)

Let us now consider the first case (3.10), which directly leads to

_ q
Jq §4[a]07ar0‘][ 7|u (u)r| dzx.

rd

Using the following notation

(S

t
= max{n,l}, for all t > 1, (3.14)
n+t

one can check that 1 < ¢ < p due to assumption (1.6). Thus, applying the classical
Sobolev-Poincaré inequality, it yields

9—P

o\ { ) 7 o\ 4
Jq < clalo.ar® (7[ |Duqd:c> = cla]o,or (][ | Dul? dx) <][ | Du|? da:) .
b T By

Next, thanks to Holder inequality, we observe that

a—p

y
P N q
Jq < clajo.ar® (7[ | Du|P da:) (7[ | Dul? dac)
T BT
P
S C[a]07a7“a_n(7) ||Du”%;€BT) (é |Du|q dl’)
P
B q
<c <][ ]Du\%l:c) ,

where ¢ = ¢(n,p, q, [a]o,a, |DullLr(5,)). Since log(e + [Dul) > 1, this inequality implies

that
<c <][ [G(x, Du)]

(S|

hSESY

9y < c<]i [|DufP log? (e + |Dul)]? d x) dx ) (3.15)
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Similarly, we also obtain the following estimate

T

P
Js<ec <][ [G(a:,Du)]% dx) : (3.16)
where 5 € [1,p) is defined as in (3.14) and ¢ = ¢(n, p, s, [b]o,s, [[Dull1r(p,)). Let us now
estimate the last integral J, jos. We now introduce the following function
O(t) =tPlog’(e+1t), t>0.

According to Theorem 2.3, Tt is straightforward to verify that ® is an N-function satisfying
the condition Ay({®, P*}) < oo. Applying Poincaré inequality in [15, Theorem 7], there
exists 6 := 0(p,y) € (0,1) and ¢ := ¢(n,p,~y) such that

= (70
<e (é ,. [@(\Dum%)é

<c (7[ [G(x, Du)]‘9 daz) ! . (3.17)

Collecting all of estimates in (3.15), (3.16), (3.17) and then substituting them into (3.9),
one gets

G (2,220 4 < 0 [G(z, Du)]™ dx dll, (3.18)
f, 0 () wse(f,

where C' := C(in-datay, || Dul|1»(p,)) > 0 and d; = max {0, %, zﬁ;} € (0,1).

We now direct our attention to the second case (3.11), which implies that

sup a(z) > a4 =90 e o 010 — o)),

e b L:k _ Z'a
— b(t
sup b(z) > 4LE =05 opmy b)),

for all k,t € B,. From this point, sup a(z) > 2(sup a(x)— inf a(z)), so that inf a(z) >
rEB, z€B, z€B;, z€B,

1 1
— sup a(z). Similarly, we also have inf b(x) > — sup b(x). Therefore, if we fix zg € B,
2 TEBy €8y 2 zEBy

arbitrarily, from the last inequality, we have the following estimates

{a(m)tq < 2[infzep, a(x)] t? < 2a(wo)t? < 4da(x)td, (3.19)

b(x)t® < 2[infep, b(z)]t* < 2b(x0)t® < 4b(x)t5,
for all x € B, and t > 0. We now introduce a new function
€ R" = Go(§) := [§[Plog” (e + [¢]) + a(wo) €] + b(wo)[&]°-

For the sake of simplicity, we shall use the same notation Gy to denote both the function
Go : R™ — [0, +00) defined above and its associated N-function Gy : [0, +00) — [0, +00).
Specifically, we identify Go(§) with Go(t) where ¢t = |£|. It is easy to verify that Gy is an
N-function, so that applying the Poincaré inequality in [15, Theorem 7] for the function
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Go and the inequality (3.19). It gives

][ G(xu_r(“)) d:n§2][ Go (“‘:“W dz
<ec (é Go(Du)® dx) %

1
dy
<C ( G(z, Du)® dx) ) (3.20)
By
where C := C(in-data;) and dy := da(in-data;) < 1.
Let us consider the third case (3.12). For zg € B,, we set
§ R = GG(&) = [€Plog” (e + [€]) + a(wo) [,

We recognize that in this case, (3.16) and (3.19), are still true. Hence, we again apply
the Poincaré inequality in [15, Theorem 7] for the N-function G{ and the estimate (3.16),
which shows that

o620 e f (22) e, et

<d ( Gi(Du)% dz:) " +c (7[ [G(z, Du)]% dm) ’
B, r

L

d
< C’( Gz, Du)™® dx) 0 (3.21)
B,

3 |

where C := C(in-datay, |[Dul|1»(B,)), dg := dq(in-data;) and d3 = max{d,, ]ﬁ;} <1
The final case (3.13) can be handled in the same manner as the previous case. For
xg € B, we set

G (&) = [€7log™ (e + [£]) + bol€]*.

Then we recognize that (3.15) and (3.19), are still true. Therefore, using these estimates
and the Poincaré inequality in [15, Theorem 7] for the N-function Gf), we get
P
q
dz)

][G<xu_r(“)) dx§2][rG8 (“_T(“)) d:c+c<][r Gz, Du)]
dx)s

e ( a G (Du)d dx) B +c (J[r (G(z, Du)]
<C ( G(x, Du)™ dw) " , (3.22)
By

S b

hSATSY

IN

1

where C' := C(in-datay, ||Dul|rr(p,)),ds = ds(in-data;) and dy = max{ds,g} < 1.
Setting d = max{d;,da,ds,ds} < 1, from estimates (3.18), (3.20), (3.21) and (3.22), we
obtain (3.8). The proof is complete. O

3.3. Local higher integrability

From this point, Theorems 3.6 and 3.5 give us the main result by applying the following
Gehring’s Lemma, which is well-known in [5, Theorem 4.2].
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Lemma 3.7. Let w € L} (Q) for 1 < p < co. Suppose that there exists a constant Cy > 0
such that

p
][ lwPde | < 01][ |w]| dz,
B B,

%
for all B, C Q. Then, it follows that there exist a value ¢ = q(p,n) > p and a positive
constant Co depending solely on n,p,q and Cy, such that for every ball B, contained in

Q), we have:
1 1
a P
][ lw|fde | < Co <][ |wl|P dm)
B% B

Theorem 3.8. Let u € VVi)f(Q) be a local minimizer of the integral functional G defined
n (1.1). Suppose that assumptions (1.3) and (1.6) are satisfied. Then, for any ball B, C §2
with radius r < 1, there exist two constants ¢ > 0 and § > 1, both depending on in-datas
and || Dul|pp(,), such that G(-, Du) € LY (Q) and the following estimate holds:

loc

1

B
][ [G(x, Du)](S der| <c4 G(z,Du)dx.

Br B

2
Proof. Let r € (0,1] such that B, C Q. By combining the estimates provided in Theo-
rems 3.5 and 3.6, we arrive at the weak reverse Holder inequality below

G(z,Du)dx < C (7[ [G(m,Du)}ddl‘) ’ ;

BT/Z

T

for some constants C' = C'(in-datay, | Du||z»(p,)) > 0 and 0 < d < 1. Therefore, applying
Lemma 3.7 to the weak reverse Holder inequality, it completes the proof and yields the
desired higher integrability result. U
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