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Abstract
Let u,v and p be positive integers such that « and v are relatively prime, p is prime, and
v'/P is an irrational number. Then for each positive integer n, the greatest common divisor
of the integer coefficients in the expansion of (u + 01/ p)n is the n-th term of a sequence

of positive integers. We show that the greatest common divisor is a nonnegative power of
p as well as finding this greatest common divisor as an explicit function of n.
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1. Introduction

The Problems Section of Mathematics Magazine for February 2022 [2] contained the
following proposal:

Proposal 1.1. For a positive integer n, let a, and b, be the unique integers such that
(5+V3)" = a, +b,V/3. Find ged(ay,by) as a function of n. Solve the analogous problem
when 5 + /3 is replaced by 3 4+ /5.

It turns out that in both cases the greatest common divisor is either 1 or a power of
2. It is natural to try to generalize these results. If u and v are positive integers and v is
not a square, then (u + \/v)" = ap + bp/v for some integers a,, and by,. If u and v had
a common factor, it could be factored out of the parentheses; hence if we are interested
in finding ged(ay,b,) we may assume that u and v are relatively prime. We could also
consider the analogous problem for (u + v/ P where p is an odd prime.

Email address: john.ferdinands@calvin.edu
Email address: ferdinands@alfred.edu
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Here are the problems, stated precisely:

Problem 1.2. (1) Letu and v be relatively prime positive integers with v not a square
number. For each positive integer n, let

(1 + VO)" = @ + b0

for some integers a, and by,.
Find ged(an, by) as a function of n.
(2) Let p be an odd prime, and let u and v be relatively prime positive integers with
vYP not an integer. For each positive integer n, let

(u + ful/p)n — a/TL,O + an’lvl/p + an,2v2/p _|_ “ e + an’p_lv(p_l)/p

for some integers an o, an 1, .., anp—1.
Find ged(ano, an 1, .., anp—1) as a function of n.

In Section 2 of this paper we show that ged(an,b,) is either 1 or a power of 2, and

that ged(ano,an,1,...,anp—1) is either 1 or a power of p. In Section 3 we will find
ged(an, by) as an explicit function of n. Finally in Section 4 we give the explicit function
for ged(an,0,an1,-..,anp—1). We only use elementary methods: divisibility of integers

congruence modulo a prime, and a little matrix algebra.

2. The GCD is either 1 or a Prime Power
Using the notation of Section 1 we have that
n i1+ b1V = (u+ Vo) = (u+ Vo) (u+ Vo)
= (u+ Vv)(an + bpv/v) = ua, + vby, + (a, + uby) /v
which gives the following recurrence relations:

Apt1 = UAy + Vb
n—+ n n (21)
bpi1 = an + uby,
We begin with three lemmas. The first two are straightforward and the third is the key
to the proof of the main result.

Lemma 2.1. Let D, = ged(ay,by,). Then D, divides Dy, for all n.

Proof. Since D,, divides a,, and b, it follows from (2.1) that D,, divides a,4+1 and by41,
and hence divides Dj,4;. 0

Lemma 2.2. ged(u? — v, u) = ged(u? — v,v) = 1.

Proof. Suppose there is a prime p that divides u? —v and u. Then p divides u? — (u? —v) =
v. But this contradicts the hypothesis that u and v are relatively prime. If there is a prime
p that divides u? — v and v, then p must divide > — v + v = w2, and hence p divides u,
which again is a contradiction. O

Lemma 2.3. For all n, gcd(u? — v, D,) = 1 or a power of 2.

Proof. First note that D; = ged(u,1) = 1, so the statement is true for n = 1. Since
(u+ v)? = u? + v + 2u\/v, Dy = ged(u? + v, 2u). Suppose there is a prime p # 2 that
divides u? + v and 2u. Then p divides v and u? + v, which means that p must divide
u? + v — u? = v. This contradicts the hypothesis that « and v are relatively prime. Thus
2 is the only prime that can divide Do, so the result is true for n = 2.

Assume that the result is true for 1 < i < n for some n > 2, but false for i = n + 1.
Then there is a prime p # 2 such that p divides u? — v and D, 1, but p does not divide
Dy,.
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Writing (2.1) in matrix form gives Gnti) — (Y U) (97) Since v is not a perfect
bn+1 1 u bn

square, u? — v # 0. It follows that:
()= () G = () G
by, S\l wu bn+1 w2 —ov \—-1 u bn+1

(u? = v)an = utny1 — Vbpy
2

which gives

(u” —v)by = —ap+1 + ubpyq.

Since n > 2, this implies that (u?—v)b,_1 = —a,+ub,. Since p divides (u>—v), p divides
(—ayn + uby). Furthermore, since p divides D,,11, p divides b,,41. Since by+1 = a, + uby,
p divides (a, + ub,). Therefore p divides both (a, + ub,) — (—a, + ub,) = 2a, and
(an + uby) + (—apn + ub,) = 2ub,. Since ged(u? — v,u) = 1, p does not divide u, and
also p # 2. Therefore p divides both a, and b,, and hence p divides D,, as well, which

contradicts the hypothesis that D,, = 1 or a power of 2.
O

Now we are ready to prove the first of the two main results of this section.

Theorem 2.1. Let (u++/v)" = ay, + byy/v where u, v, a,, and b, are positive integers with
uw and v relatively prime. Then ged(an,by,) =1 or a power of 2.

Proof. We saw in the proof of Lemma 2.3 that the statement is true for n = 1 and n = 2.
Suppose it is true for some n > 2. In the proof of Lemma 2.3 we showed that:

(U = v)an = uans1 — Vbpt

2

(u” —v)by, = —ap+1 + ubpyq.

Suppose that the result is false for n + 1. Then there is a prime p # 2 that divides
Dyi1 = ged(any1,bpi1). Hence p divides both a1 and by, 1, and thus p divides (u?—v)ay,
and (u? — v)b,. But by Lemma 2.3, p does not divide u> — v. Therefore p divides a,, and
b, and therefore p divides D,,, contrary to our hypothesis that the statement is true for
n. The statement of the theorem follows. 0

Now we turn to the case of (u + ol p)n where p is an odd prime, v and v are relatively
prime positive integers with v'/? not an integer. Recall that

(u+v'/P)" = ano + an,lvl/p + an72v2/p I an’pfw(p—l)/p
for some integers a, 0, an,1,...,anp—1. Then

1 —1
ni1,0 + Q1,107 + - a1 0P

= (u+ vl/p)(an’o + anﬁwl/p I an,p_w(p_l)/p).
By equating the coefficients of v0, v1/? v2/P ... v@=1/P we see that
Gn+1,0 = Ulp,0 + Vapp—1
Ap+1,1 = Ap,0 + UGy, 1

Ap+1,2 = Ap,1 + UAp 2 (2.2)

an+1,p—1 = UQp p—2 + QAn,p—1

Next we state three lemmas which are analogous to Lemmas 2.1, 2.2 and 2.3. We omit
the proofs of the first two, since they are similar to the proofs of Lemmas 2.1 and 2.2.

Lemma 2.4. Let D,, = gcd(an,an1,--.,anp—1). Then D, divides D, 1 for all n.
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Lemma 2.5. ged(u? 4+ v,u) = ged(wP + v,v) =1
Lemma 2.6. For all positive integers n, ged(uP + v, Dy,) = 1 or a power of p.

Proof. From the binomial expansion of (u + v'/P)"  we can show that D,, = 1 for 1 <
n < p — 1. The binomial expansion together with Lemma 2.5 give us that either D, = p
or D, = 1. Hence the statement is true for 1 <n < p.

Assume that the statement is true for some n > p, but false for n + 1. Then there is a
prime ¢ # p such that ¢ divides v 4+ v and D1, but ¢ does not divide D,,.

Since ¢ divides D41, g divides ap41, for 0 < i < p — 1. It follows from (2.2) that
Anp—2 + Uapp—1 = 0 (mod ¢), and hence ayp—2 = —uayp—1 (mod ¢). Similarly we see
that app—3 = —uan p—2 = u?anp—1 (mod q). By repeatedly applying (2.2) we see that

any = (1) ta,, 1 (mod q) (2.3)

for0<r<p-1.
Since n > p > 1, equation (2.2) implies that

Qn,0 = UQp—1,0 + Vap—1p—1
Gn,1 = Qp—1,0 + UQp—11

Ap,2 = Gp—1,1 + UAp—12 (2.4)

Anp—1 = Ap—1p—2 + UAn—1p—1

Hence
p—1
Z(_l)ruran,r :(aun—l,O + Uan—l,p—l) - u(an—l,O + Uan—1,1)+
r=0 ) - (2.5)
U (an—Ll + Uan—l,Z) - Fu (an—l,p—Q + Uan—l,p—l)
:(up + U)an—Lp—l-
p—1
Since ¢ divides (u” + v), we know that ¢ divides Z(—l)TuTanm, and hence
r=0

—1)"u"ap, =0 (mod q). By (2.3), we see that a,, = (—1)"u?"la,,—1 (mod q) for
b b 7p

<r<p-1,so

=
—_

=]

p—1 p—1
Z(—1)TuT(—1)rup_T_1an,p,1 = Zup_lanyp,l (mod gq).
r=0 r=0

This implies that puP~1a, ,—1 = 0 (mod ¢), and that g divides puP~ta,_1,. Since ¢ divides
uP 4+ v, Lemma 2.5 implies that ¢ does not divide uP. Also ¢ # p. Hence ¢ divides a1,
S0 app—1 =0 (mod g). It follows from (2.3) that a,, =0 (mod ¢) for 0 <r <p—1, and
therefore ¢ divides D,,, contrary to the induction hypothesis. O

Theorem 2.7. Let (u + vl/p) = ano+ amlvl/p + an’Q’UQ/p 4+ 4 anyp,lv(p_l)/p for some
integers an 0, an,1;- - -, Anp—1, Where p is an odd pirme, u and v are relatively prime positive
integers and vP is not an integer. Then either Dy, =1 or D, is a power of p.

Proof. We showed in the proof of Lemma 2.6 that the statement is true for 1 < n < p.
Assume it is true for some n > p, but false for n + 1. Then there is a prime ¢ # p such
that ¢ divides Dy11 but ¢ does not divide D,,. By Lemma 2.6, ¢ does not divide u? + v.
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v 0 0 - 0 0 v
1w 0 - 0 0 0
0 1 u 0 0
Let A = | . . . .. . |- Then (2.2) can be written in matrix form as
0 1 w 0
0 01 u
an+1,0 an,0
an+1,1 Qan,1
(p41,2 Qn,2 . . .
. = A . . It can be shown using elementary properties of determi-
Gp+1,p—2 Qn,p—2
Ap+1,p—1 an,p—1
nants that det(A4) = u” + v. It follows that A= = (uP:—v)B’ where B is a matrix with
integer entries. (See, for instance [3, p.219]).
Hence
Qn,0 An+1,0 An+1,0
an 1 Gn+1,1 An+1,1
Qn,2 _ 4! an—f—l,Q _ 1 B An+1,2
. (up + 1))
Qp p—2 An+1,p—2 an+1,p—2
An p—1 An+1,p—2 An+1,p—1
Thus for each i, 0 < i < p — 1, (uP + v)an,; is equal to a linear combination of
Qp41,Qp41,1s-- - Gnt1,p—1 With integer coefficients. Since ¢ divides D41, ¢ divides each
of @n41,0,n41,15- -, ant1,p—1, and hence ¢ divides (u” + v)ay; for all i. But ¢ does not
divide u” 4-v, and so ¢ divides a,,; for all 7. Therefore ¢ divides D,,, which contradicts our
induction hypothesis. 0

3. The Exact GCD for the Square Root Case

Theorem 3.1. Let (u + /v)" = ayn + byy/v where u and v are relatively prime positive
integers, v is not a square and a, and b, are integers. Let D, = gcd(an, by).

(a) If u? — v is odd, D,, =1 for alln > 1.

(b) If u?> —v =2 (mod 4), Doy, 1 =2""! and Da, = 2" for alln > 1.

(c) Ifu? —v =4 (mod 8), D3, o =233 D3, 1 =232 and D3, = 23" for alln > 1.
(d) Ifu? —v =0 (mod 8), D, =2""! for alln > 1.

Proof. To prove (a) we suppose that u? — v is odd. We have seen that D; = 1. Assume
that D, = 1 for some n, and that D, 11 > 1. By Theorem 2.1, we know that 2 divides
Dy +1. In the proof of Lemma 2.3 we saw that

(u2 —V)ap = Ulp41 — Vbt
(’LL2 — U)bn = —0n+1 + Ubn+1~
Since 2 divides Dy11, 2 divides an+1 and b,41, and hence 2 must divide both (uz —v)ay,
and (u? — v)b,. Since u? — v is odd, 2 does not divide it, and thus 2 must divide a,, and
bn,. Therefore 2 divides D,,, which contradicts the induction hypothesis.
For the proofs of (b), (¢) and (d), we use the following notation: Let a, = Dy, and
by, = Dy (,. Note that «,, and 3, cannot both be even. Rewriting equation (2.1) in matrix

form gives us
G =G ) Gr)=oe (3 0) (52) -
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To prove (b), we suppose u?> — v = 2 (mod 4). Then u and v are odd, and u? = 1
(mod 4). Hence v = 3 (mod 4).

We want to show that Ds,_; = 2" and Ds,, = 2". We have seen that D; = 1. Since
(u+ /v)? = u? + v + 2u\/v we have that Dy = ged(u? + v, 2u) = 2. Hence the statement
is true for n =1, 2.

Suppose it is true for 1 < ¢ < n for some n > 2. We will show that D, 49 = 2D, from
which the statement of (b) follows by induction. By equation (3.1) we have that

an+1 Qp, Qp
=A =D,A
<bn+1) <bn> <5n)
v
u) It follows that

2
p+2) 2 (o u +v  2uv Qp,
() =2 (5) =0 (" 0 (32)

Then we have that

u

where A = <1

) u? + v
an42\ _ A Qp\ _ 2 uv (an>
=2D,— =2D
(bn+2> "2 <5n) " u w4+ v [ \Bn
2

Note that u? +v=1+3=0 (mod 4). Hence is even, and v and wv are both odd.

_ A2 = 01 o
Let B = 5 (mod 2). Then B = 10/ This implies that

€ (@) o

A2
since «,, and 3, cannot both be even. It follows that the entries of -5 <a”> are not both
n

even, and hence their greatest common divisor is not even. Therefore D, .o = 2D,, thus
proving (b).

To prove (c) we suppose that u? — v =4 (mod 8). Both u and v are odd, thus u? =
(mod 8) and v =5 (mod 8).

Observe that D7 = ged(u,1) = 1 and Dy = ged(u? + v,2u). Since u? +v=1+5=6
(mod 8) and w is odd, we have that Dy = 2.

Since (u+4 /)3 = u3 +3uv+ (3u? 4v)/v it is the case that D3 = ged(u® + 3uv, 3u? +v).
We will show that D3 = 8.

Since u? =1 (mod 8) and v =5 (mod 8), we see that

ud + 3uv = u(u® +3v) =u(l +15) =0 (mod 8),
and
3 +v=3+5=0 (mod 8).

Hence both u? + 3uv and 3u? 4 v are divisible by 8. If they are both divisible by 16, then
3(u? 4+ 3uv) — u(3u? 4+ v) = 8uw is divisible by 16. But this is false since u and v are both
odd. Hence D3 = 8. (Recall that for all n, D,, is a nonnegative power of 2.)

We assume that Dsz;_o = 2373 Ds; 1 = 2372 and Ds; = 2% for 1 < i < n, and show
that D, 43 = 23D,,. Then the statement of (c) will follow by induction.

an+3\ _ 3(Cn\ _ 3 } u? + 3uv  3uv + 02\ [ay
(bn+3) = Dud <Bn> =2 Dn8 ( 3ul+v  ud+ 3w Bn
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_ 5+3 3u?
Define C' = £A% (mod 8). Since ged(u® + 3uv, 3u? + v) = 8, 4 —; Y0 and Y 8+U
are not both even. Since also 3(u? + 3uv) — u(3u® + v) = 8uwv is not divisible by 16,
u? + 3uv 3ul+uv . . ~ 10
one of 3 and g is even and the other is odd. Thus either C' = o 1)

~ 0 1 = (ay, 0 S . A% (o,
C= (1 0). Hence C (ﬁn) # (O> (mod 2), which implies that the entries of r <ﬁn>

are not both even. Therefore D, 3 = 23D,,.

For (d), we have that u? —v = 0 (mod 8), which implies that u> = 1 (mod 8) and v = 1
(mod 8).

We can show that D; = 1 and Dy = 2. Assume that D; = 2¢~1 for 1 < i < n for some
n > 1. By equation (3.1) we see that

()~ D) -8 ) ()
by, 1 w) \byp—1 1 u) \ B Q1+ uBn_1
Since D, = 2D,,_1, ged(uan_1 + vBa_1,an_1 + ufp_1) = 2. Since u?> —v = 0 (mod 4)
and u? =1 (mod 4), we see that v = 1 (mod 4) It follows that
Up—1 +VPp—1 = uap_1 + Pp—1  (mod 4)

and

uap—1 + Pn—1 = u(ap—1 + ubp—1) (mod 4).
Therefore

uapy—1 + vBn—1 = u(ap—1 +ubp—1) (mod 4).
Since u is odd and ged(uay,—1 + vBp—1,an—1 + ubp—1) = 2, it must be the case that

UOp—1 +V0p—1 = ap—1 +ufp—1 =2 (mod 4).
2
Since (Z"H) = (? Z) <Z"> , we see that
n+1 n

2 u?+v
an+1 u+v  2uv Q1 uv 1
=D, _ =2D,_ 2 .
(bn+1) et ( 2u +v> (5n—1> nl ( u “22+U> (5n_1>

Since u? +v =2 (mod 8) and v =1 (mod 4), we have that

2
Yy (mod 4),
2
and
u? “+ v
( 5 Op—1 +uvfp—1 = ap_1 +ufp—1 (mod 4).
Also

uw?4v
Uy—1 + ( 5 Bn-1 = uap—1+ Bp—1 (mod 4).

Hence each entry in

# ’121,7) (an—l) _ (#) p—1 +uvB,1
U vrv ;” Br—-1 UCp—1 + (7“22“}) Bn_1
is congruent to 2 (mod 4). Therefore D, 1 = 22D,, 1 = 2". The result of (d) follows by

induction.
O
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4. The Exact GCD for an Odd Prime p

Theorem 4.1. Let (u + vl/P)n = apn0+ an 1P+ an 0P 4 A ay 0P I/P for some
integers an0,0n,1,---,0np—1, Where p is a an odd prime, u and v are relatively prime
positive integers, and vY? is not an integer. Let Dy, = gcd(an,0,an,1,0n,2,- -, anp—1)-

(a) If uP + v is not divisible by p, then Dy, =1 for all n > 1.

(b) If uP +v = mp where p does not divide m, Dpyi; = p™ for alln >0 and 0 <i < p—i.
(c) If uP + v is divisible by p?, then Dy p—1)4+i =p" wheren >0 and 1 <i<p-1.

Proof. We begin by proving (a). Suppose that u? + v is not divisible by p. From the
n
binomial expansion of (u + vl/p) forl<n<p—1weseethat D, =1forl1 <n<p-—1.

Suppose that D, =1 for some n > p — 1 and D,4+1 > 1. By Theorem 2.7 D, is equal
to a positive power of p. We saw in Section 2 that

-1

Qn,0 w 0 0 0 0 v An41,0 An+1,0
Qn,1 1 v 0 0O 0 0 an+1,1 Gnp41,1
Qn 2 0O 1 0 0O 0 0 Gn+41,2 . Gp4+1,2
N  (uP 4 0)
0 1 u O
an,p—2 0 0 an+1,p—2 An+1,p—2
an p—1 u an+1,p—1 An+1,p—1

where A is a p X p matrix with integer values.

v)an 1, ..

Hence each of (uP + v)anpo, (uP +
., (UP 4+ v)app—1 is a linear combination of any1,0,an41,15- - Gnt1p—1 With in-

teger coefficients. Since p divides D, 1 and p does not divide u? + v, p divides a0,

aml,..

., anp—1 and hence divides D,, contrary to the induction hypothesis.

O

In order to prove part (b) of Theorem 4.1 we will use the following lemma and corollary.

Lemma 4.1.

u 0 0 00 ov\" Up,0  Vapp-1 Vapp—2 Vap2  Vap ]
1 u 0 00 0 an,1 (no  Vapp—1 Vap3 Va2
0 1 0 0 0 0 an.2 an1 .0 Vap 3
0 1 w 0 A p—2 ano  Vpp—1
0 0 u A p—1 (1 (0
for allm > 1.
Proof. The result is proved by a straightforward induction argument. O
Corollary 4.2. For alln > 1, (uP 4+ v)" is divisble by (Dp)P.
Proof. Equate the determinants in the statement of Lemma 4.1. Recall that
u 0 0 00 v\" u 0 0 00 v\\"
1 »w O 0 0 0 1 v 0 0 00
0 1 u 0 0 0 0 1 u 0 00
det - = | det = (uP 4+ v)".
0 1 uw 0 0 1 uw 0
0 01 u 0 0 1 wu

This implies that (u’4v)" is equal to a homogeneous polynomial of degree p in a0, an 1, -

Since D,, divides each of a0, an,1, -

oy Gnp—1, (Dyn)P divides (uP +v)™.

-y Qpp—1-
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Now we continue the proof of Theorem 4.1 proving part (b).

Proof. Suppose v +v = pm for some m not divisible by p. We want to show that D, =1
for1<n<p-1land Dp,y;=pforalln >1and 0 <i<p—1. We saw in the proof of

(a) that D, =1 for 1 <4 < p— 1. From the binomial expansion for (u + vl/p>p we see

that
p -1 (P -2 p
D, = P P p=< . =Dp.
b gcd(u + v, <1>u ,<2>u , ,(p_1>u> P

Suppose the result is true for some n > p and some 7 where 0 < i < p—1. Then Dp,4; = p".
We will show that D114 = p"t1, from which the result follows by induction.

Ap(n+1)-+i,0 u 0 0 00 v\” Apn+i,0
ap(n+1)+i71 1 v 0 0 0 O Qpn+i,1
. 0 1 u 0 0 O .
0 1 u O
Ap(n+1)+i,p—1 0 -0 u)  \Gpntip-1
p p 2 D\ p-1
p . P
(W +) <p - 1) e p—2)"" (1)“ V| [ awntio
Apn+i,1
(?) Wl (WP tv) e ) f ; w3 (p f 2) 2o :
(pf2>u2 pf?) ud (uP + v) <p€1>uv
(p f 1) u ) ﬁ 5 u? - (f) uP~1 (uP +v) Apntip—1

Since p divides uP + v, every entry in the p X p matrix is divisible by p. It follows that
PpDpn+i divides each of ap(n41)44,0 Ap(n41)+i,15 - - - Ap(n+1)+ip—1, and hence pDypi; = pntl
divides Dy 4 1)4- Let Dypy1)4s =p". Thenr >n+ 1.

By Corollary 4.2, (Dp(41)+4)F divides (uP + )P+

Dpnsty+i =075 mp < p(n+1) +i. But rp > p(n+1), and therefore n+1 <7 <n+1+ L
p

— pp(n—i-l)—&—imp(n—i-l)—&-i. Since

Since 0 <i<p-—1,r=n+1and Dypq1)4; = p" ! proving (b).

To prove (c) we suppose that u? + v is divisible by p?.

v 0 0 --- w
1 v 0 --- 0

Let A= . . . . The first column of AP is
0 00 -+ u

(up+v, (f)upl, <]29>up2,..., < p 1>up> ,
p—

which comes from the expansion of (u + v/ p)p. Note that every term is divisible by p. It
follows from Lemma 4.1 that every entry of AP is divisible by p.
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By Fermat’s Little Theorem [4, p.24], uP» = u (mod p). Since u” + v is divisible by p?,
u = —v (mod p). Therefore

u 0 0 0 v v 0 0 0 —u
_ 1 u 0 0 0 1 u 0 0 0
A=1|. . . = (mod p).
0 00 -+ 1 uw 0 00 -+ 1 wu
1
_ 1 0
Let B = —AP (mod p), and let e = | . [. Then for any p x p matrix C, Ce is equal to the
p :
0
first column of C. O
Lemma 4.2. The set {e, Ae, A%, ... ,flpfle} is linearly independent, and hence is a basis
Jor (Zp)P.
Proof. For 0 < r < p—1, the entries of A”e are the coefficients of v°, v1/P v2/P_ . oP=1/p

in the expansion of (u + vl p)r. Hence all the entries in column 7 below the r-th place

are zero. Thus the matrix with columns e, Ae, A%, ..., AP~le is upper triangular, and
therefore its determinant is equal to the product of the diagonal elements [3, p.207].

The r-th diagonal element is the coefficient of v"/? in the expansion of (u + v/ p)r, which

is 1. Hence every diagonal element is 1, and the determinant is nonzero. Therefore the
matrix is invertible, and the column vectors e, Ae, A2e, ..., AP~ e are linearly independent.
3, p.151] O

Lemma 4.3. Be, BAe, BA2%¢, ..., BAP %¢ are all nonzero and BAP e = 0.
Proof. Since B = ]%Ap (mod p), the statements are equivalent to the following:

(1) At least one entry of AP*"e is not divisible by p? for 0 < r < p — 2.
(2) Every entry of A?’~le is divisible by p?.

We first show that (i) is true. The entries of APT"e are the coefficients of v0, v'/? v?/P, ... P=1D/p

+
in the expansion of (u—l—vl/p)p " where 0 < r < p—2. The coefficient of v("t1/? ig

1)
(PE)u=1 and (P17) = (p+r)ptr—1) P The numerator is divisible by p but not

r+1 r+1 (7" 4 1)|
by p?.
. Im—1_ -+ . i/ s . 1 2p—1
The i-th entry of A%~ le is the coefficient of v*/? in the expansion of (u + ol ’p) ,
which is (zpi_l)u%_l_i + (25;i1)up_1_iv = P17 ((2pi_1)up + (25_;'1)”)- Since (2pi_1)“p +
(25;.1)1) = (WP +v) + ((25_;-1) — (2pi_1)> v and p? divides (uP + v), it is sufficient to
show that p? divides (25;.1) - (2pi_1) for0<i<p-—1.
We use induction on i. The result is true when i = 0 by a result of Charles Babbage [1]
Suppose it is true for some ¢ < p — 1. Observe that

2p—1 1\ p—i—1(2p—1
p+i+l) pHi+l\ p+i

2p—1\ 2p—i—1(2p—1
i+1 /)  i+1 i '

and
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Then

2p—1 2p — 1

p+i+1 141
_p—i—1 2p—1 2p — 1 +<p—i—1 2p—i—1> 2p—1
Tp+i—1\\p+i i p+i+1 i+1 i)

—i—1 2p—i—1 2p? 2p—1
Observe that p Z — p. ! = — - P - . Since p? divides P |-
p+i+1 i+1 p+i+1)(i+1) p+i
2p—1 2p—1 2p—1
( pi ) and neither (p+ ¢+ 1) nor (i + 1) is divisible by p, (pfz n 1) - ( f—l— ) ) is
divisible by p?, and the result follows. O
1

_ uP~3 _
Lemma 4.4. Null(A) = < ) > = (AP~Le), where (S) is the subspace spanned by

—u
1
the set S of vectors.
u 0 0 0 0 v .
1 u 0 000 wl
_ _ | Z2
Proof. Recall that A = 0 1 u 0 0 O], The unique solution of A | . =
000 01 u p
1
0 —uP2
0 up~3
ist ) for some t in Z,. Note that since p does not divide u, Fermat’s Little
0 —u
1
Theorem implies that up 1'=1 (mod p). By expanding (u + 1)1/7’)”*1 (mod p), we can
_up 2
_ up—3
show that AP~ le = O
_up 2
_ uP~3 _
Lemma 4.5. Null(B) = < ) > = (AP~ le).
—u
1
Proof. By Lemma 4.2, the set {e Ae, A%, ..., APe} is a basis for (Z,)P. Let x € Null(B).
Then = = coe + c1 e + cpA%e + -+ + Cp 1AP le for some ¢y, c1,...,cp—1 in Zy. Since by

Lemma 4.3 BAP e = 0, we have that Bz = CoB€+ClBA€+CQBA2€+ +cp gBAp 727
0. This implies that AP=2(coBe + c;BAe + caBA% + -+ + ¢,_ 9 BAP~2e = 0. Since AB =
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BA = ]%Ap“ (mod p), and BA"e = 0 for all r > p — 1, ¢gBAP~2e = 0, and hence cg = 0.
Similarly we see that AP=3(c;j BAe + caBA%e+ - -+ ¢,—2 BAP~2¢) = 0 implies that ¢; = 0.
By similar reasoning, ¢, = 0 for 0 < r < p—2. So z = cp_lf_lp_le, and hence z is in
(AP—le). O

Lemma 4.6. D, , > pD,.

Gn,0 Q.0
. Qn,1 Qn 1 .
Proof. First note that ) =D, . , where ged(am 0, an 1, . .., Qi p—1) is DOt
Gn,p—1 Qn p—1
divisible by p. Then
An+p,0 Qn,0 Qn0
An4p,1 Qan 1 Qn1
. = Ap - ApDn
An+p,p—1 An,p—1 Qn,p—1
Qn 0
. . . e e e . Qn,1 .
Since every entry in the matrix AP is divisible by p, every entry in A? ) is a
Oénqp-l

multiple of p. Therefore D,,, > pD,,.
d

Lemma 4.7. Dy, > p?D,, if and only if Dyy1 > pD,,.

Proof. Suppose that D, > p?D,,. Then

Gp+p,0 an,0 Qn,0 Qn.0
An+4p,1 an,1 Qn,1 1 Qn,1
. = AP . = APD, . =pD,—AP :
: : p
Gn+p,p—1 Gn,p—1 Qn,p-1 Qn,p-1

Q.0
Since Dy4, > p* Dy, then every entry in —AP must be divisible by p. Therefore
p
On.p—1
1

Qn 0 Qn 0 —uP~2

— Qnp 1 Qn 1 uP=3
=0 (mod p). By Lemma 4.5, ) =t ) for some ¢ in Z,.
anvpfl anvpil —u
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Qn,0 Qn,0

Qn,1 Qn 1

By Lemma 4.4 A =0 (mod p). This implies that each entry in A

Qn.p—1 Qn,p—1
is divisible by p. Since

an+1,0 an,0 Qn 0
Gn+1,1 Gn,1 Qn,1
. == A . == D’nA . )
an+1,p—1 Gn p—1 Qn p—1

it follows that D41 > pD,,.
Now suppose that D,1 > pD,,. Since

an+1,0 Gn,0 Qn 0
Gn+1,1 an 1 Qn,1
. - . - DTLA . 9
An+1,p—1 Gn p—1 Qpp—1
Qn 0 Qn 0
. Oén71 o e e n anvl
the entries of A . are divisible by p. Hence A =0 (mod p).
Qn p—1 Qn p—1
1
P2
Qin,0 U Qn,0
Qnp 1 up =3 . _ Qn 1
By Lemma 4.4 . =t . for some ¢ in Z,,. By Lemma 4.5, B =
an>p71 —u an7p72
1
0 (mod p).
Qn 0

. 1 anvl . .

Therefore every entry in - AP . is a multiple of p.
y entry in ple of p
Qn p—1
Since
An+p,0 Qn,0 no Qn0
Gn+4p,1 Qn,1 ’ 1 ’
. = Ap 3 = ApDn an,l = pDn];Ap an,l y
. EO‘n, -1 EOén, -1
An+p,p—1 An,p—1 P b

we have that D4, > p?D,,.

Corollary 4.3. D, 11 = D,, if and only if Dy, = pD),,.

Proof. Suppose D, 11 = D,. By Lemma 4.7, Dy, < p?>D,,. But Lemma 4.6 says that
Dy +p > pD,,. Therefore D,,1,, = pD,,.

Now suppose that D, 1, = pD,. By Lemma 4.7 we have that D,,; < pD,. But
D41 > Dy, and both D, and D,41 are equal to a power of p. Therefore Dy,1 = D,,. U

Finally we are ready to prove (c).
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Proof. We want to show that D,,,_1)+i=p" forn > 0and 1 <i <p—1. We first prove

that it is true for n = 0 and n = 1. By using the binomial expansion of (u + oY/ p)z we can

show that D; =1 for 1 <¢ <p—1and D, = p. In the proof of Lemma 4.3 we saw that at
least one entry of AP*"e is not divisible by p? for 0 < r < p — 2. This, together with the
result of Lemma 2.4 that D; divides D;;; for all 4, implies that D; = p for p <1i < 2p—2.
Hence the result is true for n = 0 and for n = 1.

Now suppose that it is true for 1 < i < n(p — 1) +p — 1 for some n > 1. Then

Dn(p71)+1 =p" and Dn(pfl) = D(nfl)(pfl)erfl = pn—l. Hence Dn(pfl)Jrl = pDn(pfl)' By
Lemma 4.7 D(n+1)(p—1)+1 = Dn(p—1)+p > pQDn(p—l) = pn+1_

It is also true that D, ,—1)1p—1 = Dp(p—1)4p—2 = p". By Corollary 4.3, D, (,—1)4p—24p =
PDp(p—1)4p—2 = p"tL. That is Diyp-1)4p-1 = p" Tt Since D; is nondecreasing as i
increases (by Lemma 2.4), D(,41)(p—1)+ = p" for 1 < i < p — 1. The result follows by
induction. g
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