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Abstract

The subsum set of a series > o2, a, is the set of all numbers = such that z = Y 07| chan,
where {c, } is a sequence consisting only of 0’s and 1’s. In this paper we describe a natural
way to construct the subsum set of a series which is similar to the process used to construct
the Cantor set. We then show how this construction leads to easy proofs of some known
results, after which we present a few new results.
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1. Introduction

A paper by Johnson and Malin (P. Johnson and C. Malin, (2017)) defined the subsum of
a series of non-negative terms and proved some interesting results. Recently several papers
have been published on this topic. The main goal of this article is to describe a natural
way to construct the set of all subsums of a series, and to show how this construction
leads to two standard results. We will then describe our own new results. Finally we will
acquaint readers with some of the recent developments in the field.

Formally, a number z is a subsum of the series Y oo ; a, if z = > 72 cpan, where {c,}
is a sequence consisting only of 0’s and 1’s. The subsum set of a series is the set of all
possible subsums of the series. For example, a subsum of the series Y ;> 2% has the form

o1 g—’,;, where ¢, = 0 or 1 for each n. Hence each subsum has the form 0.cicacg. .. in
binary notation. Since every real number in [0, 1] can be written in this form, and the
sum of 3% o is 1, it follows that the subsum set is [0,1]. The series 372 | 2 also has
sum 1, and its subsums have the form > >, 23% where ¢, = 0 or 1 for each n. These are
all the numbers in the interval [0, 1] which can be written in base 3 notation without a 1.
In fact, it is the well-known Cantor set.

In the main result of this paper, we show that the subsum set of a convergent series of
positive terms can be obtained by a construction similar to the standard construction of

the Cantor set. Some old results then follow easily as corollaries.
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2. The Cantor-like Construction

The first results on subsum sets were published by Kakeya (S. Kakeya, (1914)) We state
them here.

Theorem 2.1. Kakeya’s Results Let Y > | an be a convergent series of positive terms and
let S be its subsum set.
(i) If an < 322,41 a; for all but finitely many n, then S is a finite union of closed
and bounded intervals.
(ii) Furthermore, if {a,} is a non-increasing sequence and S is a finite union of closed
and bounded intervals, then a, < Y272, 1 a; for all but finitely many n.
(iii) If an > 352,41 a; for all but finitely many n, then S is homeomorphic to the
Cantor set.

In the usual construction of the Cantor set, we begin with the closed interval and remove
the open middle third ( 3 3) leaving the closed set [} = {0, %} U {%, 1} . From each interval

of I} we remove the open middle third, leaving, Fy = [O, %] U [%, %] U [% g} U { 1} By
continuing this process, we get a nested sequence {F,} of compact sets. The Cantor set
is defined to be NS, Fy,.

We could also think of the construction like this: note that each interval F,, has length
+ and that Y1 31 = 2. Start with [0,1] and create two closed intervals of length

oo 2

mo 3 = , of which one has left endpoint 0 and the other has right endpoint 1. Then

= [0 1} U [ 1} is the union of these two intervals. Suppose that F,,_; has been defined
as the union of closed intervals. Then we define F,, to be the union of all intervals of the
form [(L‘, T+ %} and [y — > i %, y} for each interval [z, y] of F},. Then N2, F,

is the Cantor set, and we have seen that it is also the subsum set of the series Y o2 ; 3%

We will now describe a similar construction applied to a general convergent series with
positive terms, and will show that the resulting set is the subsum set of the series.

Let 721 a, be a convergent series of positive terms with sum s, and let R, = >>72, . a;.
Define Fy = [0, R1] U [s — R1,s] = [0, R1] U [a1,s]. Suppose that F,,_; has been defined
as the union of closed intervals of length R,,_1;. Then we define F;, to be the union of
all intervals [z,z + R,] and [y — R,y for each interval [z,y] in F,,_;. That is, each
interval [z, y| of F,,_1 splits into the intervals [z, x + R, | and [y — Ry,y]. (Note that both
[z,z + R, and [y — Ry, y] are contained in [z, y] because R,, < R,_1 and [z, y] has length
R,_1). Then {F,} is a nested sequence of closed compact sets. By a standard result (S.
Krantz, (2005) p. 75), Np=; F» is nonempty. We will show that N,—; F, is the subsum
set of the series > o2 ay.

Our first lemma gives a precise description of the sequence {F),}.

Lemma 2.2. F,,= U(CLC%”’CH) D oinq ciai, Yoieq cia; + Ry, where ¢; =0 or 1.

Proof. The proof is by induction on n. Setting n = 1 gives F; = [0, R] U [a1,a, + Ri]
= [0, R1] U [aq, 5], so the result is true for n = 1. Suppose it is true for F;,. Then from the
construction we have just described, it follows that

n n n n
Fo= U <[Z Ciai, Z; ¢ii + Rpq1| U [Z ¢iti + Ry — Ry, Y ciai+ Ry,
i—1 i

(c1,€2,...,€n) i=1 i=1

n n
= U lz ¢t ; + 0.an41, Z cia; + Rn+1] U

(e1,c2,...,cn) Li=1 i=1

i=1 i=1

n+1 n+1
= U [Z GGy, Z Cia; + Rn+1]

(e1,624e-sCnycn41) L1=1

n n
> i+ any1, Y it + ang1 + Rypa

|
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which establishes the result. OJ

Lemma 2.3. Let >0 a, be a convergent series with positive terms. Then x is a subsum
of the series if and only if there exists a sequence {c,} of 0’s and 1’s such that for every
n, Yo cia; <o <Y ca;+ Ry. In that case x =Y 2 ca;.

Proof. Suppose zx is a subsum of the series. Then there exists a sequence {c,} of 0’s and
1’s such that © = 7% ¢;ia,. It follows that for every n,

n n o0 n o0 n
Zciaiéﬂizzciai+ Z CiaiSZCiai+ Z ai:ZCiai“‘Rn-
i=1 i—1 i—1 i=1

i=n+1 i=n+1

Now suppose there exists a sequence {¢,} of 0’s and 1’s such that for every n,

n n
Zciai <zx< Zciai + R,.
i=1 i=1

Taking the limit as n — oo, we see that

o o0
E ciaigazgg ca; + lim R .
" c n—oo n
=1 =1
Since Yo ay, converges, lim,_, R, = 0. Hence z = >"7°, ¢;a;, and so z is a subsum. [

Finally we are ready to prove our theorem.

Theorem 2.4. Let Y o2 a, be a convergent series of positive terms. Then the subsum
set S =pey Fn.

Proof. Lemma 2.3 says that for each z € S there is a sequence {c,} of 0’s and 1’s such
that for every n,

n n
> ciai <z <Y cia; + Ry
=1 =1

It follows from Lemma 2.2 that x € (;2; Fj,.

Now suppose z € (), F,,. We will define a sequence {c,} with the property described
in Lemma 2.3. Let s be the sum of the series Y oo a,. Then x € F} = [0, R;| U [ay, $].
If © < a1, define ¢ = 0; if x > aq, define ¢; = 1. In either case, ci1a1 < z <
c1a1 + Ri. Suppose we have defined c1,co,...,c, with the desired property. Then z €
Yo ciai, > ca; + Ry]. Fhy1 contains both of the intervals [>-1 ; ciai, > i q ¢ia; + Ryy1]
and [Y 714 ¢ia; + ant1, Y ieq Cia; + Ry], and hence one of these intervals contains x. If
x < Y Cia; + ant1, define ¢ = 05 if @ > Y71 cia; + apga, define ¢,41 = 1. In either
case,

n+1 n+1
Z cia; <z < Z cia; + Ryt
i=1 i=1
Thus a sequence with the property of Lemma 2 exists, and hence z € S. O

3. Proof of Kakeya’s results

Throughout this section, let >°°° | a,, be a convergent series of positive terms and let S
be its subsum set.

Corollary 3.1. If a, < >272, .1 a; for all but finitely many n, then S is a finite union of
closed and bounded intervals.
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Proof. Suppose that a, < R, = Z;’inﬂ a; for all n > N. We claim that F,, = F) for

alln > N. Let n > N. By Lemma 1, F,, = U(017C27---7Cn) D oimq i, Yoieq ciap + Ry).

We get F,y1 by splitting each interval [} L cia;, >.i—; cia; + Ry,] into the intervals

[>oimq ciai, > ciap + Ryqi) and [Yohq ¢iai + ant1, iy Cia; + Ry]. Since apt1 < Ry,
Yo Gty + Ay < Z?jll c;a; + Rp+1, and therefore the union of the two intervals is

n n
Z c;ay, Z ca;+ Ry .
i=1 =1

It follows that F, 41 = F), for each n > N, and hence F,, = Fy for all n > N. Since
S=N_F,and F1 O F» D F3 D ..., S = Fy, which is the union of 2N closed and

bounded intervals.
O

Corollary 3.2. If {a,} is a non-increasing sequence and S is a finite union of closed and
bounded intervals, then an, < 352, 1 a; for all but finitely many n.

Proof. Let {a,} be a non-increasing sequence and let S be a finite union of closed and
bounded intervals. Now suppose that a, > >, . a; for infinitely many n. We will show
that 0 does not belong to an interval contained in S. Since 0 € .S, this contradicts the
hypothesis that S is a finite union of closed and bounded intervals.

Let x € S,z > 0. Since lim,_,o a, = 0, there is m such that 0 < a,, < x. Since
an > R, for infinitely many n, we can choose m such that both a,, < x and a,, > R,, are
true. Then F,,, contains the disjoint intervals [0, R, and [an,, @, + Ry,]. Since there is a
gap between R, and a,,, there is no interval contained in .S which contains both 0 and zx.
This completes the proof. O

Corollary 3.3. S is homeomorphic to the Cantor set if a, > Y52, 1 a; for all but finitely
many n.

Proof. A subset of a metric space is homeomorphic to the Cantor set if it is compact,
perfect, and totally disconnected. (J. Hocking and G. Young, (1988), p. 100). Since S
is the intersection of a family of nested closed and bounded intervals, it is compact. (S.
Krantz (2005), p. 100). Recall that a set is perfect if it is nonempty and closed, and if
every point is a limit point. Let z € S, and let ¢ > 0. Since lim,,_,o, R, = 0, there is n
such that R, < 5. Hence x lies in an interval of F}, with length less than 5. This interval
must be contained in the interval (z — €, x 4 €). Hence (x — €,z + €) contains both the left
endpoint 1 ; ¢;a; and the right endpoint Y ;" ¢;a; + R, of the interval of F,,, and both
endpoints are in S. Therefore (z — ¢,z + €) contains a point different from z, and hence
x is a limit point of S.

To show that S is totally disconnected, it is sufficient to show that S does not contain
an interval. Suppose that a, > 332, . a; for all n > N. Consider the series } 52y a;,
and let its sum be t. We will show that the subsum set 7" of the series > 7y a; is totally
disconnected. The subsum set S of the original series > 72, a; is the union of a finite
number of translates of T'. Since a finite union of totally disconnected subsets of the real
line is totally disconnected, it will follow that S is totally disconnected.

Define Fy = [0, Ry]U[an, t], and define F,, for n > N as in the Cantor-like construction
described in Section 2. Since Ry < ap, the two intervals are disjoint. By Lemma 2.2 a
component of F), has the form [>7 y cia;, > iy cia; + Ry).

In F,,11, it splits into the intervals [>7 n cia;, > ey Cia; + Rpt1] and

n n
> ciai+ ant1, Y ciai + Ryl
i=N =N

which are disjoint, since R,+1 < an+1. It follows by induction that for each n > N, F,
consists of 27N+ disjoint intervals, each of length R,,.



50 John Ferdinands, Andrew Quaisley, Isaac Zylstra

By Theorem 2.4, the subsum set 7" of the series » : a; is equal to (o Fn. Let
x,y € T. Since lim,,_,o, R, = 0, there is some n > N such that R,, < |z — y|. Then = and
y must belong to different intervals in F),. Since different intervals are disjoint, there is
some point z strictly between x and y such that z ¢ F,, and hence z ¢ T'. Therefore T is

totally disconnected. As mentioned earlier, it follows that the same is true for S.
O

4. Series similar to geometric series
We state and prove a theorem for such series.

Theorem 4.1. Let > ;2 ay, be a series of positive terms with sum s.
(a) If 3 < ‘ZZ—:l < 1 for all n, then the subsum set S = [0, s].
(b) If =2 < r for all n, where r is a constant such that 0 < r < 3, then S is
homeomorphic to the Cantor set.

Proof. Proof of (a): Suppose % < a(’;—:l < 1 for all n. For each n € N, it follows by

induction that a,4; > %an for all 2 > 1. Therefore,

(o ¢] 0.@) 1
R, = Z a; ZZ?‘M:G”‘
i=n-+1 =1

Now the proof of Corollary 3.1 goes through to show that S = [0, s].
Proof of (b): If QZ—:l < r for all n, then a,4; < r'a, for all ¢ > 1, and

o x
~ r
Y
Rn:‘z ai<2ran: 1_ran<an,
i=n+1 =1

since 0 < r < % By Corollary 3.1, S is homeomorphic to the Cantor set.
O

Corollary 4.2. Consider the geometric series Y .o ar™. If% <r <1, the subsum set of

ar

,ﬁ}. Ifo<r< %, the subsum set is homeomorphic to the Cantor set.

the series is [O

Proof. This follows directly from Theorem 4.1. O

5. Representations of a subsum

For the series °°°; 5~ the subsum £ can also be expressed as 3.0°, 5. A theorem of
Menon (P. Menon (1948)) gives a necessary condition for the expression of a subsum to be
unique. We restate this result, and give a proof which is essentially the same as Menon’s
argument. We then state and prove a result which is almost the converse of Menon’s
theorem.

Theorem 5.1. Let Y 02 an be a convergent series with positive terms. If an, > R, for
all n, every subsum has a unique representation.

Proof. Suppose there is a subsum x that has two different representations Y o2 ; ¢, a,, and
>0 1 dy an. Let m be the smallest integer such that ¢y, # d,,. Without loss of generality,
¢m = 0 and d,,, = 1. Then

o0 oo
0.am, + Z CiQ; = + Z d;a;.
i=m+1 i=m+1
Hence a,, <3752, 1 cia; <3232, 11 @i =Ry, which contradicts the hypothesis that a,, >
R, for all n. I

Theorem 5.2. Lety o2 | a, be a convergent series with positive and non-increasing terms,
and with sum s. If
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(a) a1 < Ry and the subsum x € [0, Ri] N [a1, 5], or
(b) am < Ry, for some m > 2 and the subsum

m—1 m—1 m—1 m—1
€ lz Ciis Y ¢iti+ Ry | 0 lz Cit; + am,y Y Cia; +Rm1] :
i=1 i=1

i=1 i=1
then x can be expressed in at least two different ways

Proof. We will prove the more general case (b), and leave (a) as an exercise for the reader.
Suppose that a,, < R,, for some m > 2 and the subsum

m—1 m—1 m—1 m—1
T E lz Cia;, Z ca; + Ry, | N lz Cia; + G, Z cia; + Rm_l] .
i=1 i=1

im1 i=1
Since x € {Z;’;‘ll cia;, Z?i_ll cia; + Rm],

m—1 m—1
WS lz Ci Qs Z cia; + Rm+1] U

i=1 =1

m—1 m—1

> citi+ amy1, Y ciai + R
i—1 i=1

Let ¢,, = 0, and define ¢, when n > m as in the proof of Theorem 2.4. (If z <
Zl@_ll Cia; + ama1, let ¢y = 0; if x > Z;’;_ll ¢ia; + am+1, let ¢pp1 = 1, and so on).
Note that

m—1 m—1
Z cia; +am <z < Z cia; + R,
i=1 i=1

Since the sequence (ay) is non-increasing,

m—1 m—1
> ciai+ am1 <Y ciag + am < .
i=1 =1

Therefore,

m—1 m—1
x € [Z Citi + A1, D Citi + R |
i=1 i=1

and hence we let ¢,41 = 1. We get a sequence (cp,) such that z = Y72, ¢;a,.

But it is also true that z € [ ?:11 CiG; + Qs Z;’;l c;ia; + Rm,l}, and hence

m—1 m—1 m—1 m—1
T e lz CiG; + Ay, Z cia; + am + Ry | U Z CiQi + A + Q41 Z cit; + Ryt .
i=1 i=1 i=1 i=1

Let ¢, = 1, and again define ¢, when n > m as in the proof of Theorem 2.4. We see that

m—1 m—1 m—1
x < Z cia; + Ry = Z Ci@; + Amy1 + By < Z Citi + am + Rypy1.

Hence z € [ ;1_11 CiQ; + A, Z;’;‘ll CiG; + A + Rm+1}. Ifz < zg’gl CiG; + Qm + Ayt

let ¢ppy1 = 05 if x > Z?;‘ll CiQ; + A + A1, let 1 = 1. In either case we get a
representation of z with ¢,, = 1, which differs from the representation found earlier in
which ¢, = 0. Therefore there are at least two different representations for x.

O

Example. Consider the series %—i—%—i—%—i—%ﬁ—. ... With our notation, as,_1 = 4%, aon =
4%, Rop_1 = % (%) and Ry, = % (4%> Note that as,_1 > Ron_1 and as, < Ra, for all

n. It is easy to verify that % = Z?;ll a2; + Roy, for all n, so % has infinitely many different
representations as a subsum.
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6. More Results on Subsums

Kakeya’s results tell us the nature of the subsum set when a, < R, for all but finitely
many n, and when a, > R, for all but finitely many n. They do not tell us what happens
if both a,, < R,, and a,, > R,, for infinitely many n. According to (A. Bartoszweicz, M.
Filipczak. and E. Szymonik (2014)), Kakeya conjectured that the subsum set was always
either a finite union of closed and bounded intervals or a Cantor set, but this was shown
to be false by (A. Weinstein and B. Shapiro (1980)). Further work by Nyman, Guthrie
and Saenz (J. Guthrie and J. Nyman (1988), J. Nyman and R. Saenz (1997), J. Nyman
and R. Saenz (2000)) established the following result.

Theorem 6.1. Let > 72, a, be a convergent series of positive terms and let S be its
subsum set. Then exactly one of the following is true.
(a) S is a finite union of closed and bounded intervals.
(b) S is homeomorphic to the Cantor set.
(c) S is homeomorphic to the subsum set of the series Y oo by, where bay,_1 = 4% and
bon = &
For (c) to occur it is necessary but not sufficient that there be infinitely many n for
which a, < R,, and also infinitely many n for which a,, > R,,.
Guthrie and Nyman in (J. Guthrie and J. Nyman (1988)) show that the subsum set of
the series > >° by, described in (c) contains the interval [%, 1], and hence has nonempty

interior. It is an example of a type of set called a M-Cantorval. Here is the formal
definition, as found in (A. Bartoszweicz., M. Filipczak and E. Szymonik (2014)).

Definition 6.2. A set S is a M-Cantorval if:

(a) S is a non-empty compact subset of the real line.

(b) S is equal to the closure of its interior.

(c) Both endpoints of any component with nonempty interior are accumulation points
of one-point components of S.

Bartoszweicz, Filipczak and Szymonik describe a family of series whose subsum sets are
Cantorvals. A multigeometric series has the form

ki+kot...+km+kigtkog+...4+kmg+kig®>+kag®>+ ... +kmg®>+....

Denote it by (k1, ke, ..., km;q). Here is the result from ((A. Bartoszweicz., M. Filipczak
and E. Szymonik (2014)).

Theorem 6.3. Let ky > ko > ... > ky, be positive integers, and let K = Y i kj.
Suppose that the set {37, ciki : ¢c; =0 or 1} contains the numbers no,no+1,...,n9 +n
for some positive integers ng and n. Then if n%rl <qg< %’Zm, the subsum set of the

series (ki,ka,...,kmn;q) is a Cantorval.

The paper (J. Ferdinands and T.Ferdinands (2019)) generalizes this result by showing
that the conclusion holds when the set {}_;"; ¢ik; : ¢; = 0 or 1} contains the terms of an
arithmetic progression. Nitecki in (Z. Nitecki, (2013)) gives a very nice survey of the topic
of subsums of a series.
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