Alabama Journal of Mathematics
39 (2015)

ISSN 2373-0404

A Note On k-Tridiagonal k-Toeplitz Matrices

Emrullah Kirklar
Department of Mathematics
Polatli Art and Science Faculty of Gazi University,
Ankara, Turkey

Fatih Yilmaz
Department of Mathematics
Polathi Art and Science Faculty of Gazi University,
Ankara, Turkey

In this note, we give formulas for determinants, permanents, and eigenvalues of k-tridiagonal

k-Toeplitz matrices.

Introduction

The determinant of an n X n matrix A = (a;;) is defined by

det(A) = Z sgn(o) ﬁ Ao (i) »
i=1

€S,

where S, represents the symmetric group of degree n. Anal-
ogously, the permanent of A is

per(A) = Z ﬁ Qi (i) -

oeS, i=1

In literature, there are many methods for computing deter-
minants. But less is known for permanent computation.

In matrix theory, a permutation matrix is a square binary
matrix that has exactly one entry 1 in each row and each col-
umn and Os elsewhere (Zhang,|1999). Let P be a permutation
matrix. Then, PT is also a permutation matrix. Furthermore,
Pr =pl

A matrix A = [a; ;] € M, of the form

ap ay ar e cee a,

a_q ap a)

ap, a—y
A =
a  az
a_q ap a
a_n “ee o a_2 a_l ao

is called a Toeplitz matrix (Horn & Johnson, [1985). The
general term is a;; = a;; for some given sequences
A_p,A_pils...,d_1,d0,d1,0d2, ...,d,_1,d, € C. The entries of
A are constant down the diagonals parallel to the main diag-
onal.

Eigenvalues of a matrix are a fundemental tool in mathe-
matics and have many applications, such as linear equation
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systems, determinants, ordinary differential equations, par-
tial differential equations and so on. Let A be an n—square
matrix. The characteristic polynomial of A is

det(A, —A) = V' + a7+ -+ @A+ ag

and roots of the polynomial are called eigenvalues of A.

Recently, there has been a number of papers on k-
tridiagonal matrices and their applications. For example,
Asci, Tasci, and El-Mikkawy| (2012) gave algorithms for
determinants and permanents of k-tridiagonal matrices us-
ing LU factorization. |Kilic and Tasci| (2007) obtained some
identities for relationship between some famous number se-
quences and permanents of some tridiagonal matrices. |Yal-
ciner| (2011) gave LU factorizations for k-tridiagonal matri-
ces. Then, Yal¢iner obtained determinants of k-tridiagonal
matrices by using LU factorization. Moreover, Yalciner
found eigenvalues of k-tridiagonal matrices by Chebyshev
polinomials.

Brualdi and Gibson| (1977) showed that
per(PTAP) = per(P~'AP) = per(A), (1)

where P is a permutation matrix. Brualdi and Ryser| (1991)
showed that for a block matrix

(A0
=l n)
per(A) = per(A)per(A,). 2

Sogabe and El-Mikkawy| (2011) obtained a fast block
diagonalization of k-tridiagonal matrices using permutation
matrices. In other words, they considered an n-square k-
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tridiagonal matrix T,gk) )

aq 0 . 0 b] 0 e 0
0 a 0 ° by :
: 0 0
T,(lk) _ 0 Ap—k bn—k
Ck+1 . 0
0 Ck+2
. . T ap-1 0
0 ... 0 Cn o ... 0 a,

Sogabe and El-Mikkawy| (2011) obtained a permutation ma-
trix P as following:

P=|P5Pr.....P]
where
r={i:i=r(modk),i=1,2,..,n},

ref0,1,2, .. k-1

and Pr is n X |[r| matrix such that each column is the ith unit
vector ¢;, where i € 7 and |r| denotes number of elements of
7. So, by matrix multiplication

PITOP=Ty®T ®...® T,

where @ denotes the direct sum of matrices and T;’s are |f|-
square tridiagonal matrices.

In this paper, we consider k-tridiagonal k-Toeplitz matri-
ces of the form

aq 0 0 b] 0 0

0 ay b2

0 ay by

1 a by 0
(k)
T”(k) 0 o ar

Ck Ay
C1 aq
0 o . 0 --- 0 .
3)

and we will obtain eigenvalues, determinants, and perma-
nents of the matrix family.

Main results
Diagonalization of k-tridiagonal k-Toeplitz matrices

Using the similar method of used by |Sogabe and El-
Mikkawy| (2011), one can transform k-tridiagonal k-Toeplitz
matrices to the following form

T (k)
P Tn(k)P
Ay bk 0 0
Cr Qg ‘
0 . by
Cr Ay 0
0 a; bl
Cc1 a '
= X b]
Cc] a
- by
Gt @1 - 0
bi-1
0 0 1 @

where T;’s are |f|—square tridiagonal Toeplitz matrices.

Determinants

Zhang| (1999) considered tridiagonal Toeplitz matrices of
the following form

a b 0 0
c a b
T.=| 0 ¢ 0 “4)
: . b
0O - 0 ¢ a

nxn
By Laplace expansion, det(7,,) = adet(T,—1) — bc det(T,—7).
In other words,
det(T,) = v,

where v, = av,—; — bcv,—, with initial conditions v_; =
0,vp = 1,v; = a. Then, we have the following theorem.

Theorem 1.
k-1
k) _ ,
det Tn(k) = 1_[V|i|,
i=0
where v, = a;jv,_1 — b;iciv,_p with initial conditions v_; =

O,V() = 1,V1 =d.
Proof. Ttis clear that
det Ty, = det(To) det(Ty) ... det(Ty-y).

Since det(T;) = Vi)

k=1
det 7)), = det(To) det(Ty)... det(Tx-1) = [ v
i=0
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Eigenvalues

Kulkarni, Schimdt, and Tsuil (1999) considered tridiago-
nal Toeplitz matrices of the form (El]), then obtained the eigen-
values as

k
/1k=a—2\/bccos( ”) k=1,2,....n
n+1

Theorem 2. The eigenvalues of T’(ll({,){) are

/lj =a; — 2 b,’C,’ COS(_j_ﬂ)
|i| +1

where j=1,2,....[i i=0,1,....k- L

Proof. Since

T (k)
det(, - PTG,

k=1
— k) y —
P) = det(Al, - %)) = ]_0[ det(Al = T)
i=
the eigenvalues of each 7; matrices are the eigenvalues of
T®  matrix. So, we get the eigenvalues of T®  matrix as

n(k) n(k)
below:

/lj =a;— 2 b,’C,’ COS(-j_ﬂ)
li| + 1

here j=1,2,....[i,i =0,1,...,k — 1, which is desired. O

Permanents

El-Mikkawy| (2003)) considered determinants of tridiago-
nal matrices of the form

aq b] 0 R 0
C an bz :
A=| o e 0 , 1=23,..,n
bi
0 0 ¢ a;

here f; = a;. Then, he gave the determinants of the matrix
family satisfying a three-term recurrence; i.e. f; = detA :

fi=aifiei = bisicifio

with initial conditions fy = 1 and f.; = 0. Using the
converter matrix S, given by [Kilic and Tascil (2010), and
Hadamard multiplication, the permanent of the matrix (@) is

per(Ty) = uy

where u,, = au,_; + bcu,_, with initial conditions uy = 1 and
u_1 = 0.

Moreover, this result can be also verified by applying a
consecutive “contraction” method on last column, which is

given by [Brualdi and Gibson|(1977). Then, one can see that
rth contraction step is

a b 0 0
c a b
T =
c a b
0 CUy  Upy

(n—r)x(n—r)

for 1 < r < n— 3. Going on with this process

=2} _ a b
" Clyy  Up-|

Since per(T,) = per(T,‘,” ), we have per(T,) = au,—; + bcu,_».
So per(T,) = u,, which is desired.

Theorem 3. Permanents of k-tridiagonal k-Toeplitz matrices

are
k-1

k) \ _ _
per(T ) = H”Iil
i=0
where u,, = a;u,—1 + biciup,—1 withugp = 1 and u_, = 0.
Proof. By (I) and @),

k)

T (k) —
per(P Tn(k)P) = per(Tn(k))
k-1
= per(To@T) @& Ti) = | [per(Ty)
i=0
and
per(T;) = up-
So,
k=1
k) -
per(Tn(k)) = l_[uM.
i=0
The proof is completed. O

Hlustrative Example

Let us consider a 3-tridiagonal 3-Toeplitz matrix of order
8:

SO OO NO O~

@ _
T8(3) -

=N ool S =X=]

|
SNV O O~ OO~
|
S~ OO~ OO O
N OO WO o oo

S OO, OONNO
SO NO O —~=OO0o
A~ OO N O WwWo
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The permutation matrix is P = [e3, e¢, €1, €4, €7, €2, €5, €3]
and

001 0000 O
O 0 0 0 0 1 0 O
1 00 0O0GO0TO OO
pr_| 00010000
1o o 0 0 0 0 1 0
01 000O0O0 O
000 0T1O00 0
O 0 0 0 0 0 0 1
then
00 -1 00 1 00
00 2 00 -1 00
10 0 -10 0 00
3 |20 0 1.0 0 -10
PTes=l 00 0 20 0 1 0
02 0 03 0 00
04 0 02 0 03
00 0O 04 0 0 2
So,
-1 1 0
2 -1
1 -1 0
T3 p o _ -2 1 -
PITQ P = 0 o
2 30
4 2 3
0 0 4 2
= TooeT, ®T>.
Consequently,
det(Tgfg)) = det(Tp) det(T;) det(T) = (—1)(-3)(—40) = —120,

per(Téz)) = per(Ty).per(T).per(T,) = 3.5.56 = 840.

Since the eigenvalues of T; are also the eigenvalues of the

matrix Tég), the eigenvalues of T are

A = —1—2\/§cos(§)=—1— V2
—1—2\/5005(23—ﬂ)= -1+ \/5

A2

The eigenvalues of T are

A3 = 1—2\5005(%):—1
Ay = 1—2\5005(7—;):1
A5 = 1—2\/§cos(%ﬂ)=3.

The eigenvalues of T, are

A = 2—4\/§(cos;—r)=2—2\/6
A = 2—4\/§(cosg)=2

3
Ag = 2—4«/§(cos§)=2+2\/6.

Consequently, the eigenvalues of Tég) are 4, = —1 — V2,

b=-1+V2,3=-1,4 =115 =3, =2-26,
A7 =2,25=2+2+6.
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