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In this paper, we provide three results concerning the annular regions containing the zeros of a
complex polynomial. These results show certain improvements in comparison to some of the
earlier results. One specific example of a polynomial for each of new results provided in this
paper, has been generated using MATLAB to substantiate the improvement in our results over
the existing results. A comparative analysis on the computational results is also done towards
the end. Such kind of results on the location of zeros of a polynomial have wide applications
in many areas, such as Signal Processing, Communication Theory etc.

Introduction

If p(z) is a complex polynomial of degree n, then by the
well known Fundamental Theorem of Algebra, p(z) has ex-
actly n zeros. Since the polynomials in general are unsolv-
able, it would obviously be of interest to obtain the smallest
possible region containing all the zeros of a polynomial. The
results related to the location of zeros of a polynomial have
significant applications in many areas such as Mathematical
Physics, Signal Processing, Communication Theory, Control
Theory, Coding Theory, Cryptography, Mathematical Biol-
ogy, and Computer Engineering. Therefore there is a scope
and demand for improving the existing results to better ones.

There are good number of methods, for example, Ehrlich-
Aberth’s type (see, |Aberthl (1973), [Ehrlichl (1967) and
Anourein| (1977) ) for the simultaneous determination of the
zeros of algebraic polynomials, and there are studies to ac-
celerate convergence and increase computational efficiency
of these methods (see, Milovanovic and Petkovic| (1986)),
Petkovic| (2008))). These methods may possibly have greater
efficiency if combined with the results of this paper that pro-
vide annulus containing all the zeros of a polynomial.

The first and significant result in this direction is be-
lieved to be due to Gauss, who proved that a polynomial
p(2) = ap+aiz+arz +- - -+a,7", with all q real, has all its ze-
ros on or inside the circle |z| = R, where R = lII<l]:?l<)E1 (n \/Elakl)%.

Cauchy] (1829) improved this result by proving that, if p(z) =
apg + a1z + a2z2 + -0+ an_lz"_l + 7" is a complex polyno-
mial of degree n, then all the zeros of p(z) lie in the disc
{z:lzl <n}c{z: |zl <1+ A}, where A = 1<r}<1£ay,)illak| and n is

the unique positive root of the real-coefficient equation

n—-1

-2
2 = lap1l2" = lanal?"™" = -+ = lailz = lagl = 0.
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In addition to the above result, if we apply the above re-
sult of Cauchy to the polynomial ¢(z) = " p(1/z), we get the
following well-known theorem.

Theorem 1 (Cauchy). All the zeros of the polynomial p(z) =
ap + a1z + -+ a,7", a, # 0, lie in the annulus ri < |z| < ry,
where r| is the unique positive root of the equation

-1
lanlZ" + lan-112""" + - - +lailz = laol = 0, (N

and ry is the unique positive root of the equation

n—1

laol + lailz + -+ + lap-112""" —lanlz" = 0. 2

One cannot be satisfied with the above Theorem of
Cauchy because in order to find the annulus containing all
the zeros of a polynomial, one needs to compute the zeros of
two other polynomials which is equally laborious. The re-
sults providing annuli with radii explicitly in terms of coeffi-
cients have been given in many papers and monographs (see,
Joyal, Labelle, and Rahman| (1967), Aberth|(1973), Datt and
Govil| (1978)), Milovanovic, Mitrinovic, and Rassias| (1994),
Sun and Hsieh| (1996)), Diaz-Barrero| (2002b), Jain| (2006),
Affane-Aji, Agarwal, and Govil|(2009) and |Affane-Aji, Biaz,
and Govil| (2010)). Let us begin by stating the following the-
orem due to |Diaz-Barrero| (2002a), which gives an annulus
containing all the zeros of a polynomial.

Theorem 2. If p(z) = ap + a1z + axz> + - + ap_12"" + a,2"
is a non-constant complex polynomial of degree n, with a; #
0, 1 <k < n, then all the zeros of p(z) lie in the annulus
C ={z:r <lz £ r}, where

3 {Z”FkC(n,k) ao }i
ri == mnJ{ ———— |—
2 lI<k<n F4,1 ay
and ]
2 F4n an—k K
I =—max{ ————
27 3 1zken \ 2"F.C(m, 0) | ay,
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Here C(n, k) = #lk), and F is the k™ Fibonacci number,

definedby Fo =0, Fi =l and Fy, = Fi_y + Fr_5, k>2.
Kim| (2005)) also proved a similar result as the following.

Theorem 3. Let p(z) = ag+a1z+az* + -+ ap_12" " +a,2"
be a non-constant complex polynomial of degree n, with
ar # 0, 1 <k < n Then all the zeros of p(2) lie in the
annulus C = {z : r; <z < ry}, where

. {cm,k) a }i

r1 = min —

I<ksn | 2" =1 |ay

and
1
ma 2" -1 Ap—f k
7> = max .
27 I<ken Cn,k) | a,

Here C(n, k) are the binomial coefficients.

Diaz-Barrero and Egozcue| (2004) proved another result
on the annulus containing all the zeros of a polynomial which
is stated below.

Theorem 4. If p(z) = ag + a1z + arz> + -+ + ap12""" + a,2"
is a non-constant complex polynomial of degree n, with a;, #
0, 1<k <n,then for j > 2, all the zeros of p(z) lie in the
annulus C ={z : r <|z| £ ry}, where
1
}k

1

}k.

ao
Ak

ri = min
1<k<n

{ C(n, k)AkB’j‘.(bB )k
A

jn
and

Ajn

Ak
ry = max Py z
isk<n | C(n, K)AB (bB;-1)

an

Here C(n, k) are the binomial coefficients,

and for j > 2

D Cln, BB B AL = Ay
k=0

where A, = cr" + ds", ¢, d are real constants and r, s are the
roots of the equation x*> —ax—b = 0, in which a, b are strictly
positive real numbers.

Dalal and Govill (2013) (see also, [Dalal and Govil| (2014)
and |Dalal and Govil| (2017))) gave a new shape to all these
kind of results by unifying them into a single result and in-
cluding all the above Theorems 2, 3 and 4 as special cases.

Theorem 5. Let Ay > 0 for 1 < k < n and be such that

n
ZAk =1.IfpQz) =ay Yaiz+m ++ a7 +a,tis
k=1

a non-constant complex polynomial of degree n, with a; # 0
for 1 < k < n. Then all the zeros of p(z) lie in the annulus
C ={z:r <zl £ r}, where

1
. aol|*
r1 = min (Ag |[—
1<k<n ay
and
1
1 an-k || *
) = max § — .
1<ksn | A | ap

Dalal and Govil| (2013)) also gave the following result as
an application of Theorem 5.

Theorem 6. Let p(z) = ap+a z+ W+ a7+ a7
be a non-constant complex polynomial of degree n, with
ar # 0, 1 < k < n. Then all the zeros of p(z) lie in the
annulus C = {z : r; <zl £ r}, where

. {Cklcnk ap }‘1'
r1 = min { —— |—
1<k<n Cy ag
and
1
Cn An—k K
rp = max { ————— .
1<ksn | Cro1Cri | ap
C(2k, k
Here C, = Q is the k™ Catalan number in which

C(2k, k) are the binomial coefficients.

Dalal and Govill (2013) have mentioned in their paper,
Theorem 5 not only includes Theorems 2, 3, and 4, as spe-
cial cases, but also capable of generating many new results
by making appropriate choice of the numbers A. In view of
this, |Bidkham, Zireh, and Mezerji| (2017} [2013)) and, Rather
and Mattoo|(2013)) obtained results on annulus containing all
the zeros of a polynomial involving Fibonacci numbers and
generalized Fibonacci numbers respectively. Recently |Govil
and Kumar (2015)), and Nwaeze| (2016)) also proved similar
results using such special array numbers.

In this paper, we use Theorem 5 to obtain few new results,
which provide annuli containing all the zeros of a polyno-
mial. Further, we demonstrate that for some polynomials,
our theorems sharpen some of the known results in this di-
rection, and this has been done in the last section where we
develop MATLAB code to generate examples of polynomi-
als for which our results give better bounds than obtainable
from the known results, such as Theorems 2, 3 and 6.

Our first result, stated below gives annulus in terms of Bell
numbers. For more details about Bell numbers one can refer
Bonal (2015)).
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Theorem 7. Let p(z) = ag+a1z+arz> + -+ ap_12" " +an?"
be a non-constant complex polynomial of degree n, with
ar # 0, 1 < k < n. Then all the zeros of p(z) lie in the
annulus C ={z : r < |z| £ ry}, where

[ Cn, B |ao||*
rp=mn{———|— ,
Ik<n | B(n+1)—1 |ay

and
o (Bt D=1 4 g
27 ke | C k)BK) | @y |

Here B(n), called n'* Bell number is the total number of
partitions of a set containing n elements and C(n, k) are bi-
nomial coefficients.

In the next result, we will make use of Bell numbers with
Sterling numbers of the second kind (one can refer Conway
and Guy|(1996) for Sterling numbers) to evaluate the radii of
two circles involved in the annular region containing all the
zeros of a polynomial.

Theorem 8. Let p(z) = ap+a12+ a2+ + ay12" " +a,2"
be a non-constant complex polynomial of degree n, with
ar # 0, 1 < k < n. Then all the zeros of p(z) lie in the
annulus C ={z : ry < |z| £ rp}, with

(S, |ao||*
r1 = min —|r
I<k<n | B(n) |ay

and
B0 [ani||*
7, = max ,
I<ksn | S (n,k) | a,

where B(n) are Bell numbers and S (n,k) are the Sterling
numbers of second kind where n > k.

Finally, we present the following result which involves the
special combination of binomial coefficients.

Theorem 9. Let p(z) = ap+a1z+az” + -+ ap_12" ' +a,2"
be a non-constant complex polynomial of degree n, with
ar # 0, 1 <k < n. Then all the zeros of p(z) lie in the
annulus C = {z : r; <|z| < ry}, where

o [AC@r ) d
U™ <ksn nCQ2n,n) |a
and 1
nCQ2n,n) |a,—i|)*
p=max{—————— .
1<ksn | 2kC(2n,n+ k) | a,

Here C(2n,n) and C(2n,n + k) are binomial coefficients.

For some set of polynomials, Theorems 7, 8, 9 yield
sharper bounds than obtainable from some of the already
known results given over here and this has been shown in
the last section.

Lemmas

We will need the following lemmas to prove our results.
Our first lemma connects Bell numbers with Binomial coef-
ficients [Bonal (2015) Theorem 2.18, p 65].

Lemma 1. [f B(n) are Bell numbers for the given positive
integer n, then

Bn+1)= Z C(n, k)B(k)
k=0

where B(n) is the n™ Bell number with B(0) = 1 and C(n, k)
are binomial coefficients.

Proof. For the sake of completeness, we provide a new dif-
ferent proof over here. Let us count the number of partitions
of a set of n + 1 elements, depending on the size of the block
containing the n + 1% element. If the block has size m for
1 <m < n+1 then we have C(n, m — 1) choices for the m — 1
other elements of the block. But then the remaining n+1—-m
elements can be partitioned in B(n + 1 — m) ways. We have
therefore,

n+l

Bn+ 1) ZC(n,m— DB +1-m)
m=1

n+l
= ZC(n,n+1—m)B(n+ 1—m)

m=1

= Z C(n, k)B(k).
k=0

O

Next lemma provides an identity involving Bell numbers

and Sterling numbers of second kind, which we will use to

prove Theorem 8. We omit its proof since it follows directly

from their definitions and also can be found in Conway and
Guy|(1996).

Lemma 2. If B(n) is the n™ Bell number and S (n, k) are
Sterling numbers of second kind, then

B(n) = > S(n, k),
k=1

forn > 1.

Our next result is an identity involving binomial coeffi-
cients.

Lemma 3. With the standard binomial coefficient notations,

Z 2kC(2n,n + k) = nC(2n, n).
k=1
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Proof. Let
S, = Zn:kC(Zn,n+k)
k=1
= (@n)! ;Wk(n—k)'
We have
25, = @m! S (n+k)—(m—k)

ymn n+k)!(n-k)!

" 1
(2n)! Z((n tk—Dl(n-k)!

k=1

1
k) —k- 1)!)

2n) Z CQn—-1,n+k-1)
k=1
—C@n-1,n+k).

But the last sum is a telescopic sum and therefore
28, = nC(2n,n).
Hence the proof. O

Proofs of the theorems

Proof of Theorem 7. If B(n) are Bell numbers, then by

Lemma 1,
Z”: C(n,k)B(k) .
£ B(n+1) - 1
Thus, if we take
_ C(n,k)B(k)
T Bm+D-1

n
then each Ay is positive and ZAk = 1, and hence applying

k=1
Theorem 5 for this set of Ay, (1 < k < n), we get the
required annulus C given by (3), that contains all the zeros
of the polynomial p(z). O

Proof of Theorem 8. Note that if B(n) is the n™ Bell num-
ber, and S (n, k) Sterling numbers of second kind then from
Lemma 2, for all n > 1 we have

iS(n,k) 1
Bn)

k=1

S(n, k)
B(n) k=1
and hence by applying Theorem 5 for this set of values

If we take Ay = , then Ay > 0 and ZAk =1,

of Ay, (1 < k < n), we get (4), and hence Theorem 8§ is
proved. O
Proof of Theorem 9. By Lemma 3, we have

Z”: 2kCQ2n,n+k)
= nC(2n,n)
Now, if we take

_ 2kC(2n,n + k)
T TTac@n,n)

then Ay > 0 and Z Ay = 1, and hence applying Theorem 5

k=1
for this set of values of A, we get the required annulus given
by (5), and the proof of Theorem 9 is thus complete. O

Computational Results and Analysis

In this section, we demonstrate the improvement of our re-
sults over the earlier results by presenting examples of poly-
nomials, for which the annuli obtained by our results are sig-
nificantly smaller than the annuli obtainable from the other
stated results in the first section. We developed MATLAB
code for generating these examples. By inputting various
values to the coefficients of the polynomial in the MATLAB
program, we chose and presented the one which showed con-
siderable betterment in terms of output values. We will also
substantiate the improvement of our results over the exist-
ing results using the examples discussed in the papers due
to [Dalal and Govil| (2013), |Diaz-Barrero| (2002al) and Kim!
(2005)).

Let us first consider the example appeared in the paper
due to Dalal and Govil (2013).

Example 1. Let p(z) = 7 + 0.012° + 0.12% + 0.2z + 0.4.

Result 71 r Area of annulus
Theorem2 | 0.1945 | 1.1290 3.8855
Theorem 3 0.4041 | 1.5651 7.1823
Theorem 6 | 0.6148 | 1.1187 2.7442
Theorem 7 0.1569 | 1.0799 3.5864
Theorem 8 0.1333 | 1.5651 7.6394

Actual Bound | 0.7413 | 0.8532 0.5605
Table 1

For the polynomial p(z) given in Example 1, Table 1
shows that, Theorem 7 yields the best possible value for r; in
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the annular region containing all the zeros of the polynomial
p(2). In this case, the radius of outer circle of the annular ring
containing all the zeros of p(z) is 1.0799 which is less than
that given by Theorem 6 by considerable margin of 0.0388.
Combining Theorems 6 and 7 we can reduce the area of the
annular region containing all the zeros of p(z). One can also
observe that the area of the annular region containing all the
zeros of p(z) obtained by Theorem 7 is nearly 50% of that
obtained by Theorem 3 and 92% of that of obtained by The-
orem 2.

Let us consider another example appeared in the paper
due to Dalal and Govil| (2013)).

Example 2. Let p(z) = z° +0.006z* +0.01z +0.222+0.3z+ 1.

Result r r Area of annulus
Theorem 2 0.1183 | 1.4097 6.1995
Theorem 3 | 0.5032 | 1.9873 11.6124
Theorem 6 | 0.7715 | 1.2806 3.2818
Theorem 7 0.0825 | 1.3118 5.3848

Actual Bound | 0.9530 | 1.0612 0.6847
Table 2

One can observe from the Table 2 that, our Theorem 7
is giving significantly better bound than obtainable from al-
ready known Theorems 2 and 3. In fact the area of the annu-
lus containing all the zeros of the polynomial p(z) obtained
by Theorem 7 is about 5.3848, which is about 86.85% of the
area of the annulus obtained by Theorem 2, about 46.37% of
the area of the annulus obtained by Theorem 3.

Let us consider the example used in the papers due to
Kim| (2005)), and |Diaz-Barrero (2002a).

Example 3. Let p(z) = 2% + 0.1z + 0.3z + 0.7.

Result r o) Area of annulus
Theorem 2 0.5833 | 1.2313 3.6938
Theorem 3 | 0.4642 | 1.6985 8.3863
Theorem 7 | 0.5000 | 1.2515 4.1349
Theorem 8§ | 0.4667 | 1.5183 6.5579

Actual Bound | 0.8058 | 0.9320 0.6893
Table 3

For the polynomial p(z) given in Example 3, it is clear
from the Table 3 that Theorems 7 and 8 give the considerably

better annular region containing all the zeros of the polyno-
mial p(z) comparing to Theorem 3 given by Kim| (2005). In
this case, the area of the annulus containing all the zeros of
the polynomial p(z) obtained by Theorem 7 is about 49.30%
of the area of the annulus obtained by Theorem 3, and the
area of the annulus obtained by Theorem 8 is about 78.19%
of the area of the annulus obtained by Theorem 3.
Finally, let us take the following example.

Example 4. Let p(z) = 7 + 0.123 + 1.122 + 0.1z + 0.001.

Result 1 ) Area of annulus
Theorem 2 0.0010 | 2.2420 15.7909
Theorem 3 | 0.0027 | 1.6583 8.6394
Theorem 6 | 0.0036 | 2.7749 24.1902
Theorem 7 | 0.0008 | 2.1622 14.6869
Theorem 8 | 0.0007 | 1.5353 7.4052
Theorem 9 | 0.0040 | 1.6583 8.6393

Actual Bound | 0.0114 | 1.0480 3.4499
Table 4

For the polynomial p(z) given in Example 4, it is clear
from the Table 4 that Theorems 8, 9 perform better than The-
orems 2, 3, 6. Theorem 8 gives the best possible annular
region containing all the zeros of the polynomial p(z). In this
case, the area of the annular region containing all the zeros
of p(z) is 7.4052. Also, this area is about 46.689% of the
area obtained from Theorem 2, and about 30.61% of the area
obtained by Theorem 6. Theorem 9 also shows considerable
improvement comparing to Theorem 2 and 6.
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