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Solutions of Equations Reducible to the Form z*(1 — z)" = d
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Many equations can be converted to the form z"(1 —z)" = d with n, m integer. In this paper, we
show how this type of equation can be solved efficiently. The main advantage of our method
is that the complex roots are indexed by a parameter k, where k must be even if d > 0 and
odd if d < 0. For each k, the roots can then be found by solving a simple equation. We also
give narrow bounds for all roots. Though we have no proof, we found experimentally that the
complex roots are ordered according to their modulus by k: If m > 0, the modulus decreases
with &, and if m < O, it increases with k. This allows one to select specific complex roots,
something not possible when using standard root-finding algorithms.

Introduction

In this paper, we consider the solution of the following
equation for z:

Z'(1-2"=d. (1)

This equation appears in|Syski|(1960), and it was used to find
the waiting time of the E,/E,,/1 queue, a one server queue
with Erlang arrivals and Erlang service times. In|Grassmann
(2011), we provided a solution method to solve this equation
for the case that n and m are natural numbers, and that d > 0.
Here, we generalize this method to deal with any integers n
and m, and any real number d.

The main contribution of this paper is a novel method to
find the complex roots of @), which is important since all
except at most 4 roots are complex. The complex roots are
indexed by a parameter k, where k must be even if d > 0 and
odd if d < 0. For each k, one only needs to solve a simple
equation for a single variable. Also, in the over 40’000 cases
we observed, the absolute value (modulus) of the solution
decreased with k if m > 0, and increased with k is m < 0.
Getting the roots ordered by their modulus is a definite ad-
vantage over the methods of Laguerre Kincaid and Cheney
(2002) or Newton |Press, Flannery, Teukolsky, and Vetterling
(1986). Even if the roots would not be ordered, the fact
that they are indexed by k is a definite advantage. Specifi-
cally, in Newton’s method, there is no way to determine to
which root the algorithm converges because the domain of
attraction is fractal (Kincaid & Cheney, 2002, page 127). In
fact, to avoid finding roots already found, it is suggested to
deflate the polynomial |[Kincaid and Cheney| (2002)), Press et
al.| (1986)), but this leads to polynomials with all coefficients
non-zero. As a consequence, the number of operations to
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find all roots is O((n + m)?) as opposed to O(n + m) for our
method.

Though the problem of solving equations was very active
in the past, there is not much recent literature on this topic
aside from textbooks. For a review of the older literature, see
Kulkarni| (2006) and references therein. In this paper, we use
polar coordinates, an approach also used by |Pukhta| (2011).

To justify the importance of equation (T]), note that any
equation of degree less than 6 can be converted to a similar
form by Tschirnhaus transformations (Tschirnhaus| (2003)),
citation from|Adamchik and Jeftrey|(2003)). Consider, e.g. a
polynomial of degree 5, which can be converted to

X +px+q=0.

If we set z = —xp/q, then this equation can be written as

ZS pS
=-=,

1-z q
and this has the form of (1) with n = 5 and m = —1, provided
p and ¢ are real. Also, all Bring radicals with real coeffi-
cients, that is, solutions of the equations x" — x + ¢ = 0 can
be brought into this form.

As a second example, consider the discrete-time renewal
process. In a renewal process, we consider an item, such as a
light bulb, which is subject to failure and has to be replaced.
If p; is the probability that the item has a lifetime of i, and r,
is the probability that the item fails at time n, we have:

'n = Vp-1p1+p2pat+....

If p;=0fori>b,and p; = ¢'/c, 1 <i<b,withc=3Y", ¢,
we obtain

Ty = Fn-1q/c + rn_2q2/c +...+ rn_bqh/c. 2)

This is a difference equation, and we set set r, = x". Af-
ter substituting this expression for r, and dividing by x", we
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obtain for gx # 1

R T B B O Y (720 S |
1—;;(‘]/)6) = E;(Q/X) _E_El——q/x_z'

If y = g/x, this yields
(c+ DA -y =1-y"
or
c—(c+y= c(l - %y) = —yb+l,

c+l

Setting z = <y, this yields
Zb+1(1 _ Z)fl — —(C + 1)b+lcfb.

Note that if ¢ = 1, one obtains the uniform distribution.
Generally, given an equation of the form

(c1 + c2x)"(c3 + c4x)™ = dy,

we first set y = ¢; + cpx to obtain y"(d; — dry)™ = dy, where
dy = ¢c3 —cicq/cr and dy = c4/cr. We then set 7 = Z—?y, and
after minor calculations, this yields

(1 =2)" = —=d,.
diﬁm 0
To simplify our task, we make the following assumptions.
Except for cases where the solution of @ is trivial, these
assumptions do not lead to any loss of generality.
1.d # 0. If d = 0, the only solutions of (T)) are 0 and 1.
2.n+m # 0. If n + m = 0, we merely have to solve the
binomial equation (Z%l)n =d.
3.n+m > 0. If n+m < 0, we convert the equation to
7(1 —z)™ = d”", and this has the form of (1).
4n > m Ifn < m lety = 1 -z and we have
y"(1 —y)" = d, which has the form of ().
Note that our assumptions imply that n > 0. On the other
hand, m can be positive or negative.
We now first describe how to find the real roots of (I), and
then how to find the complex roots.

The Real Roots

Let f(z) = Z"(1 — )™, and note that f(z) has a stationary
point at z; = . This follows because f’(z), the derivative
of f(z), is equal to

f@=2""1-2""(n-z(m+n)). A3)

Clearly, z, is between O and 1 if m > 0, butif m < 0, z; > 1.
In principle, we now have to deal with 4 intervals, which are,
if m > 0, (—0,0), (0,z], [z5, 1) and (1,00). If d = f(zy),
there is a double root of f(z) = d at z,. We associate one root
with the interval ending at z,;, and the second one with the

interval starting at z;. Except for the interval (0, 1), we have
to consider 4 possibilities if m > 0, depending on whether
n and m are even or odd. This yields 8 cases, in addition to
the cases arising for the interval (0, 1), meaning there are 10
cases to consider for m > 0. Another 10 cases arise if m < 0.
However, we were able to restrict the number of cases to 4 for
m > 0, and 4 for m < 0, as shown by the following theorem.
Theorem 1. Ifz, = - u = "“Wd| and m > 0, then each of
the following intervals contains exactly one root of f(z) = d,
given the conditions as stated, and there are no roots outside
these intervals.

1. The interval (—u,0) contains exactly one root if
(-D"d > 0.

2. The intervals (0, z;] contains exactly one root if 0 < d <
F(zy).

3. The interval [z, 1) contains exactly one root if 0 < d <
Sf(zo).

4. The interval (1,u + 1) contains exactly one root if
(-D™d > 0.
If m < 0, only the intervals listed below can contain roots,
and under the conditions stated, each interval contains ex-
actly one root.

1. The interval (a,0), with a = min(=1, =27y con-
tains exactly one root if (—1)"d > 0.

2. The interval (0, 1) contains exactly one root if d > 0.

3. The interval (1,zs] contains exactly one root if d <
f(zs) <0ord = f(z5) > 0.

4. The interval |[z;,u) contains exactly one root if

(=D"d = f(z).

Instead of considering the roots of f(z) = d, we consider
the roots of | f(z)| = |d|. This is possible because f(z) = d and
[f(2)| = |d| have the same roots as long as f(z) has the same
sign as d. We have

lf@l=ED"fe) z<0
@I = f(2) 0<z<1
lf@l=D"f)  z>1.

Hence, for z < 0, f(z) is positive if n is even, and negative
if n is odd. It follows that for z < 0, f(z) and d have the
same sign if (—1)"d > 0, that is, |f(z)| = |d| implies f(z) = d
if d(—1)" > 0. A similar argument shows that for z > 1,
|f(2)| = |d| implies f(z) = d if (-=1)""d > 0. Also note that

If @) = lzl"lz = 11"

The intervals of Theoremare chosen such that |f(z)| is con-
tinuous and monotonic within the interval. Because of the
intermediate value theorem, the interval (a;, a,) contains ex-
actly one roots if |f(a;)| < |d| < |f(a2)| or |f(az)| < |d| <
|f(ap)|. This frequently involves finding a value z such that
[f(2)| > |d|. To this end, we introduce functions [g(z)| such
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that |g(z)| < |f(z)| within the interval in question, and we
solve |g(2)| = |d|. For this value of z, | f(z)| > |d|.

We now have for m > 0

1. For the interval (—u, 0), we set |g(z)| = |z|"*™, which
is less than |f(z)| for z < 0. Solving |g(z)] = |d| yields
lzl = "%/ld] = u. This implies that [f(—u)| > |d|. Since
f(0) = 0, there is a root in (—u, 0) if (=1)"d > 0.

2. For the interval (0, z;], f(0) = 0 and f(z,) > 0. Hence,
there is aroot if 0 < d < f(z,)

3. For the interval [zy, 1), f(z;) > 0 and f(1) = 0. Hence,
there is a root if 0 < d < f(z,)

4. For the interval (1,u + 1), we set |g(z)] = |z — 1|"™,
which is greater than |f(z)| for z > 1. Solving |g(z)| = |d|
yields z = u + 1. Since f(1) = 0, we obtain the result.

If m < 0, we have

1. For the interval (a, 0), we use

—-m
|Z|n+m

N

z—1

For z < -1, |z/(z — 1)| > 1/2. We can thus set |g(z)| =

(1/2)™z*™ = |d|, yielding |z| = 27™@*my_ If this is

smaller than 1, the interval in question is (-1, 0), otherwise
itis (=27/(mmy, ()

2. For the interval (0, 1), |f(0)] = 0, and |f(z)] — oo as
z — 1, and there is therefore one root in (0, 1) if d > 0.

3. For the interval (1, z,], | f(z)] = o0 as z — 1 from above,
and the lowest value of |f(2)| is | f(zs)|. Hence, there is a root
of [f(2)l = Id| if |d| = | f(zs)l.

4. For the interval [z,, u), we set |g(z)| = |zI"*", yielding
the bound u. Note that u > z,: if z; > 0 is a solution of
If(za)l = |d|, |g(za)l < |f(za)l, and we have to increase z to
satisty [¢(2)| = |d].

This completes the proof of Theorem [I]

The Complex Roots
Formulas Determining the Complex Roots
First, we prove
Theorem 2. Equation (|I)) has no complex double roots.

To prove this theorem, note that if z* is a double root, z*
satisfies both f(z) = d and f’(z) = 0. Now

@) =n? (1= 2" —m2"(1- 2" = f(2) (E - i)
z 1-z
Unless f(z) = 0, the only solution of f’(z) = 0is z;. Since
d # 0, no root of f(z) = d can satisfy f(z) = 0. It follows
that there is only a double root if f(z;) = d, and this is the
only double root. However, z; is real. For a different, but less
general proof, see|Syski (1960).
To find the complex roots, we write

a+1ib = ra(cosA +isinA),
1 —a—ib = rg(cos B —isin B). 4

Z

1-z

We only need the roots with b > 0, because the roots are
conjugate complex. If we use the canonical range (-, ),
then we can assume 0 < A, B < & because for A negative,
b < 0. Also, because of , sin A and sin B must have the
same sign, which implies B > 0. We now have

Theorem 3. For any complex root of (1)) with b > 0, there is
an integer k, — max(0,m) < k < n such that

sin” Bsin™ A
-~ (-)f=d. 5
sin"*m(A+B)( ) )
with Ak -
n —7r’ A+B:(n+m) —kn ©)

m m

B =

Moreover, if d is positive, there is only a root of ) if k is
even, and if d is negative, there is only a root of O)) if k is
odd. Finally

0<A+B<m. @)

To prove the theorem, we use
Z'(1 = )" = rjrg(cos(nA — mB) +isin(nA — mB)).  (8)

Since this must be equal to d, which is real, the imaginary
term must vanish, that is

nA —mB = kn, k integer. ©)]

Solving this equation for B proves (6)). Also, cos(nA —mB) =
cos(km) = (—=1)¥. Hence, to prove (5)), we only need to show

sin B sin A
A= ————, Ip= —————. (10)
sin(A + B) sin(A + B)
We have (see {@)):
b
tanA = —, tanB = .
a 1-a

We solve these two equations for a and b to obtain

tan B
a= ———,
tanA +tan B

b=atanA. (11)

This leads to the following expressions

_CosA sin B B sin A sin B _ sinA cos B
T sin(A+B)’  sin(A+ B)’ " sin(A + B)’
(12)

Since b > 0, sin(A + B) > 0, and with 0 < A, B < n, this
implies . rﬁ can now be found as follows

a®

cos2 A’

ri =d*+b* =d® +d*tan’ A =

which immediately leads to r, as given in (I0). To find

rp, note that b = atanA and 1 — a = a4 implies b =
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(1 — @) tan B. Once this is established, the proof is similar to
the one for ry4.

Since can be written as rjry = (-D*d, we conclude
that (=1)*d > 0, that is, K must be even if d > 0 and odd if
d<0.

Next, we show

-m<k<nifm>0 (13)
O<k<nifm<O. (14)

The inequality follows immediately from
—mn < —mB < nA —mB = kr < nnr.
If m < 0, we have, since A + B < m:
0 < nA-mB = krn = (n+m)A—-m(A+B) < (n+m)A—mn < nn.

Hence, 0 < k < n as claimed. This completes the proof of
Theorem 3
It is convenient to define

sin"Bsin™ A _ nA—kn
sin™(A+B)’ ~  0m

Pr(A) =

Hence, we have to solve ¢, (A) = |d|, where k must be even
if d > 0, and odd if d < 0, and —max(m,0) < k < n. In
the next two sections, we show that the equation ¢ (A) = |d|
has a unique root Ay, and we provide intervals for each A;.
Given Ay, we can find the corresponding values for a, b and
z by . We denote these values by ay, by and z;. For our
discussion, it is convenient to treat the case m > Qand m < 0
separately.

Intervals for Ay, if m is Positive

To facilitate the solution ¢x(A) = |d| for positive m, we
find for each k an interval that A must satisfy in order to be a
root. We have

Theorem 4. If m > 0, then
1. If -m < k < 0, ¢x(A) = |d| has exactly one root in the
interval from 0 to %n.
2. If k =0, ¢ (A) = |d| has exactly one root in the interval
from O to %’;m provided |d| > f(z,).
3. For 0 < k < n, ¢x(A) = |d| has exactly one root in the
m+k

interval from %7 to ™.
n n+m

For our discussions, we define ¢, = max(0, i—‘l). and
up = % Within the interval (€, ui), ¢x(A) is continuous,
and unless k = 0, ¢x(A) ranges from 0 to co, which implies
that there is at least one A where ¢;(A) = |d|. There would be
exactly one root if ¢;(A) increases with A. ¢;(A) approaches
0 as A approaches ¢; because either A or B approaches 0. As
A approaches uy, A + B approach 7.

If kK = 0, ¢x(A) does not approach zero as A — 0. The

reason is that A, B and A + B all converge to zero together.

In this case, sinA — A, sinB — B and sin(A + B) - A + B.
Consequently

B'A™
(A + B)yrtm’
For k=0, (6) implies B = nA/m and A + B = (n + m)A/m.
Using these values, the equation above becomes

Po(A) =

n'm"

AP =

= f(zs)-

Suppose now that ¢ (A) increases with k. In this case, ¢;(A)
ranges from f(z;) to co, and there would be no root for
|d| < f(zs), and one root otherwise.

Instead of proving that ¢x(A) increases with A, we prove
that if ¢x(A) = |d| has more than one root in the interval
(€k, ui), we get more than n + m roots for @), which is impos-
sible. For k = 0, the argument is slightly more complicated,
but the fact is that we get two real roots in (0, 1) if |d| < f(zs)
and a complex root z and its conjugate if |d| > f(z,). Indeed,
when k = 0, we combine, for the root count, the two real
roots in (0, 1) arising when |d| < f(z,) with the complex root
and its conjugate arising when |d| > f(z;). We also use the
fact that the number of times k satisfying O < k < n is even is
% if n is even, and % if n is odd. A similar result applies
for the negative k: there are % even values of k when m is
even, and ’"T*l values if m is odd. The case of k odd can be
dealt with in a similar fashion. The following table shows
that the number of roots for the case d > 0 (k even) is indeed

n + m. In this and later tables, we abbreviate even by “e” and
odd by “0”.

Number of roots of (I if d > 0 and m > 0)

n m|k>0 k<0 k=0or Total
z€(0,1) z¢(0,1)

e e |n—-2 m-2 2 2 n+m

e o |n—-2 m-1 2 1 n+m

o e |n—-1 m=2 2 1 n+m

o o |n—-1 m-1 2 0 n+m

A similar table can be found for d < 0, in which case k
must be odd.

Number of roots of (I)) if d < 0 and m > 0

n m|k>0 k<0 z¢(0,1) Total
e e | n m 0 n+m
e o |n m-—1 1 n+m
o e |n—-1 m 1 n+m
o o |n—-1 m-1 2 n+m

We solved many problems with our method. Among other
problems, we found A; and |z;|, which is of course r4 for
A = Ay, for n ranging from 3 to 50 and m from 1 to n. We
chose d to be cf(z;), where ¢ ranged from 1/3 to 4/3, and
from -4/3 to -1/3. Hence, we looked at roughly 20,000 cases.
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In all these 20,000 cases, |z;| decreased with k. We tried hard
to prove that this is always the case, but without success. We
could not find any counterexamples either. Our conclusion
is that for most practical applications, one can safely assume
that |z;| decreases with k.

We also note that A typically increases with k, but there
are exceptions. Obviously, if |d| is high, then A; approaches
its upper bound uy, and since the upper bounds increase with
k, the same is true for Ay when |d| is high. A similar result
applies when £ > 0 and |d| is low. On the other hand, Ay
is sometimes less than Ay, k < 0. As the reader may prove,
this follows from the fact that as A approaches 0 from above,

¢o(A) approaches f(zs).

Intervals for A, if m is Negative
Let us now consider the case m < 0. We have

Theorem 5. If m < 0, then:

1. If0 < k < —m, ¢x(A) = |d| has exactly one root in the
interval from 0 to ]ﬁ”'

2. If k = —m, ¢ (A) = |d| has exactly one root in the inter-
val from 0 to %ﬂ, provided |d| < f(z,).

3. For —m < k < n, ¢r(A) = |d| has exactly one root in the
interval from %n to I?i"'

The proof is very similar to the proof of Theorem[d} except
that ¢x(A) — oo as A converges to its lower limit from above,
and for k # —m, ¢r(A) converges to 0 as A converges to its
upper limit. Also, for k = —m, as A converges to 0, so does
B and A + B, with the result that ¢o(A) converges to f(zy).

As before, we have to count the roots to make sure we
have n roots. This is done in the tables below.

Number of roots of (I) if d > 0and m < 0

n m| k+#-m k=-m Total
orz>1 0O<z<l1l 2z<0

e e |n—-2-2 2 1 1 n

e o | n-2 0 1 1 n

o e |n—-1-2 2 1 0 n

o o |n-1 0 1 0 n

Number of roots of (T)) if d < 0 and m < 0

n m| k+#-m k=-m Total
orz>1 0O<z<l z<0O

e e |n 0 0 0 n

e o |n-2 2 0 0 n

o e |n-1 0 0 1 n

o o |n—-1-2 2 0 1 n

We also conducted numerical experiments for the case
m < 0. In these experiments, n ranged from 3 to 50, and
m from —n + 1 to —1, and we used the same values for d as
in the case where m > 0. In all these cases, |z| increased

with k. Hence, the results come out in ascending order if the
program finds the roots in ascending order of k.

We also note that like in the case m > 0, the A, tend to in-
crease with &, but there are exceptions. If |d| is small, A; will
be close to its bound ¢, and £ increases with k. A similar
result applies when |d| is low, provided k > |m|.

Numerical Considerations and Conclusions

In this paper, we showed that all roots of the equation
7"(1 — 2)™ = d can be found by solving equations in only
one real variable which is an angle in the case of complex
roots. Also, in all cases, the roots can be restricted to small
intervals, which makes it easy to apply Newton’s method, a
method which requires derivatives. For real roots, we use the
derivative of the logarithm of () to obtain

1@
f@)
and this can easily be solved for f’(z). If we restrict our

search to the appropriate interval, then f(z) = d if and only
if |f(z)| = |d|, and we can use

n m
z 1-7

__f@-dl
f@(4-2)

Xpn+l = Xp
For solving (5), we find after some calculation

(A
_ZkEAi = %(m2 cotA + n’ cot B — (n + m)* cot(A + B)).
k

The width of the interval in which the root lies increases with
k. We typically needed less than 10 interactions for each root.

Often only certain roots are needed. For instance, in|Syski
(1960), only the roots for k < 0 were needed. Our method
allows to find only these roots, and none other. In other cases,
only the complex root with the largest or smallest modulus is
needed.

In view of the simplicity of our method, the question arises
to which extent it can be generalized. For instance, what hap-
pens if d is complex? Of course, if d = ry(cos @ +isina), we
can use our method if there is an integer v such that va = 7.
In this case, we merely have take the vth power on both sides
of (1) and apply our method to this new equation. Another
interesting question is the following: which polynomials can
be converted to the form given by (I)? A more general ques-
tion is as follows: in our case, each complex root was asso-
ciated with an integer k, and given a value for &, the problem
then becomes to solve an equation depending only on the
angle A. Since the Bring form can be reduced to (I)), any
equation reducible to the Bring form with real coefficients
can be parametrized by the integer k. It is an open question
what other equations can be parametrized in this fashion.
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