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In this article we establish some product identities for balancing and Lucas-balancing numbers,
using the telescoping summation formula and inverse hyperbolic tangent function.

Introduction

The balancing sequence, (B,),>1 and the Lucas-balancing
numbers, (C,),>; satisfy the recurrence relation B,.; =
6B, — B,_1 and C,,; = 6C, — C,_; with the initial values
By = 0,B; = 1,Cy = 1,C; = 3 [see Behera and Panda
(1999)]. Both of the sequences have the characteristic equa-
tion x> — 6x + 1 = 0. Hence, for the value @ = 3 + V8 the n'
term of these sequences can be written as

n —n n —n
B, = YO ond C, = ¥ ta
2V8 2
Melham and Shannon in[Melham and Shannon|(1995)) inves-
tigated many inverse trigonometric and hyperbolic summa-
tion formulas involving generalized Fibonacci numbers. For
instance,
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= Foren + 1
HL=3 and
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tanh™! .
, ( Fonia 2
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Frontczak in [Frontczak (2016) investigated several inverse
hyperbolic summation and product identities for Fibonacci
and Lucas numbers. The present paper deals with finding
product identities for balancing and Lucas-balancing num-
bers.

Preliminaries

The following is the generalized telescoping summation
formula [Basu and Apostol| (2000),Equation (2.1)]

m

f(k+N), forN>m>1
-1

N m
DL flerm)] = )" f(k)-
k=1 k=1 k=
@
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and similarly the alternating telescoping summation formula
is

N
DDA + (<17 f e+ m))
= 3)

= D DR + DY Y D fe+ N,
k=1 k=1
If f(N) - 0as N — oo, then from (2)) and (3)), we obtain

DR — flhk+m)] = fk) “)
k=1

k=

and

D DR + D e+ )] = ) (=D fR). (5)
k=1 k=1

The following product identity is useful:
[m/2] Lm/2]

ﬁ fuo =11 rex-n]] rew, (6)
k=1 k=1 k=1

where | x] and [x] denote the floor and ceiling function of x
respectively. Moreover,

29 q
[ Treo=]]rek-nrew
k=1 k=1

and
2g-1 q

-1
[Trew0=]]rex-n ﬁ k)
k=1 k=1 k=1

with the trivial product identity

0
]_[f(k) = 1.
k=1

Using (T) it is easy to get the following identities involving
balancing and Lucas-balancing numbers [see Pandal (2009)].

@'+1 V8B, C,+1
@'-1 C,—1 <33,

(7
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B>, = 2B,C, (®
Con+1=2C2 9)
Con—1=16B2 (10)

The following inverse hyperbolic function identities are very
important for proving our main results.

+
tanh~'x + tanh ™'y = tanh_l(u), xy <1 (11)
1+ xy
tanh™'x — tanh ™'y = tanh™ (-2 ), xy > -1 (12)
1 —xy
X I, y+x
tanh™!(=) = =In(=——), |x|< 13
an (y) 5 “(y_x) i< Iyl (13)

The following two lemmas are required for proving some
of our main results.

Lemma 1. For every natural number m and n, the following
identities hold.
(a) BuBpims1 — Bur1Bpym = —By
(b) CiCrimr1 — Cos1Cpiy = 8By,
Proof. We prove (a) only. Using () and the fact o8 = 1, we
have
Ban+m+l - Bn+an+m

a _ﬁn a,n+m+1 _ﬁn+m+1 a,n+1 _ﬁnJrl "t _ﬁner

a-p a-p a-p a-p
1 m 1 - _1
= @ D -BE - )
:_am_ﬁm _ _Bm
a-p
The proof of (b) is similar. |

Lemma 2. For every natural number m and n, the following
identities hold.

m
(a) Bn+mBn+m+1 =6 (_I)H—mBiﬂ' + (_l)mB"B’H'l
i=1

(b) CosnCrsmet =6 ) (=1)"CL; + (=1)"C,Cpa
i=1

Proof. We prove (a) only. The proof of (b) is similar. Our
proof is based on mathematical induction on m. Since

Bui1Bni2 = By1(6By11 — By) = 632

n+l

- Ban+l >

the identity holds for m = 1. Assume that the identity holds
for every natural number m < k. That is,

k
BuikBriks1 =6 Y (=D™ B2+ (=1)*B,B,...

i=1

It is sufficient to show that the identity holds for m = k + 1.

2
Buiki1Buiki2 = 6Bn+k+1 = Bk Buiks

k
= 6B, — 6 ) (DBl + (~1)"B,By]
i=1

k
= 6[B) e — ) (~D™ B 1 + (=D} BBy
i=1

k+1
— 62(—1)i+k+1B'21+i + (_1)k+anBn+].
i=1

The following is the main reslut of FrontczakFrontczak
(2016):

Lemma 3. Let g(x) and h(x) be real functions of one variable
and let h(x) be composite with h(x) = h(g(x)) < 1.

a) Define H(x) by

Hx) = h(g(x)) — h(g(x + 1))
1= h(g(x))h(g(x + 1))

Then we have
k
Z tanh™' H(n) = tanh™'h(g(1)) — tanh ™' h(g(k + 1))
n=1
and
Z tanh™' H(n) = tanh™'h(g(1)) — Jim tanh~'A(g(k + 1))
+1—00
n=1
b) Define H*(x) by

h(g(x)) + h(g(x + 1)
I+ h(g(x)h(g(r + 1)

H*(x) =

Then we have

k
(=1)""'tanh ™' H*(n) = tanh™'h(g(1))

n=1

+ (=¥ 'tanh ™' h(g(k + 1))

and

Z(—n"“tanhle*(n) = tanh™'A(g(1))

n=1

+ lim (-D*'tanh~'h(g(k + 1))

k+1—>00
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Infinite product identities

Theorem 1. For g,n € Z* the following infinite product
identities hold.

= Ban-1yak+2g-1) + Ban-1)2g-1)

i1 Ben-neki2g-1) = Ban-12g-1)

(14)

B 1 ﬁ Con-ner-1) 1—[ Con-1y2k

(V8)2a-1 1 _{ Ben-nk-1) }_{ Ben-nok

o0 2g-1

Bon@is2g-1) + Bong-1) 1 Conk (15)

i1 Banke2g-1) = Bang-1y - (V8)2a-1 ;_| Bomk

B + B 1 c

l_[ 4n(k+q) 4nq _ 2nk (16)

B4n(k+q) - B4nq Sq B2nk

and

=1 Bon-1yak+2g) + Ban-1)24

B 1—[ Con-1)2k-1)Can-1)2%
87 Bon-1y2k-1yBan-1y2k
(17

Proof. Taking f(k) = tanh™' (@ 2"%) in (@) and using (12)
and(T)), we obtain

Z tanh™!

Converting the infinite sum identity to infinite product iden-
tity and employing the identities (7)-(T0), we have

ﬁ Bp(2k+m) + Bpm _
k=1 Bp(2k+m) - Bpm k=

_1 Ben-naki2g) — B(Zn—l)Zq

Z tanh™! Zpk

p(2k+m) =1

C2pk +1

V8Bapi

Now, setting p = 2n — 1 and m = 2¢g — 1 in (I8) and using
(@), we have

(ﬂmnB

=1 Ban-1yaks2g-1) + Ban-1)2g-1)

_i Ben-neks2g-1) = Ban-12g-1)
2g-1
B 1 ﬁ Con-1)k
(V8)24-1 1o Ben-vk

_ 1 ﬁ Con-1)2k-1) l_[ Con-1)2
(V81 &

Bon-n@-1y 1_i Ben-12
which proves (T4).

Setting p = 2n and m = 2q — 1 in (T8, it is easy to get
(T3). Similarly, Setting p = 2n and m = 24 in (I8) proves
(T6). Further, p = 2n— 1 and m = 2q in (I8) proves (I7). O

Theorem 2. For g,n € Z* the following infinite product
identities hold.

=1 Bankrg-1) + Bang ﬁ Conk-1)

19
(\/_)q 11 Banr-1) {19

i1 Ban@kig-1) = Bang

Con-1yk-1)

(V87 +_! Ban-nak-n)
(20)

2
_ 1 l—ql Con-1k-1) + 1
8¢ 7 1 Ban-nek-1

= Bun-2)2k+g-1) + Ben-124 1

I Ban-2)@k+g-1) = Ban-1124

=1 Ban-1y@k+2g-1) + Ban-1729

_i Ben-naks2g-1) = Ban-124

2n
and
l—l Bron-1)k+g-1) + Bn-1)029-1)
1 Ban-1yg-1) = Ben-12g-1)
ot (22)
1 lq—[ Con-nak-1 + 1
(V8)24-1 i Ban-na-n

Proof. Taking f(k) = tanh™'(@™?®*~D) in @) and using (I2)
and (T)), we obtain

Z tanh™ 1[

Converting the infinite sum identity to infinite product iden-
tity, we have

1—[ Bpoksm-1) + Bpm ﬁ =D 41 23
Bp(2k+m 1) — Bpm k=1 ap(2k—l) -1

Z tanh™!

p(2k+m 1) = (Zk 1)]

Using (6)-(T0) in (23)) for appropriate choice of p and m, the

proof of (19)-(22) follows. o

Theorem 3. For q,n € Z* the following infinite product
identities hold.

ﬁ Buntrq) + (=1 1By 1—[ Con2k-1)Bank

24
it Banterg) + (=1 Bayg

Bonok-1)Cank

= Bon-tyaks2g) + (=D Bouiyg

121 Ben-neks2g-1) + (=D Ban-1y2 25

1—[ Con-12k-1)B@n-1y2¢
Bon-1y2r-1Coan-1y2¢

! C2n(2q— 1)

ﬁ Conrs2g-1) + (=1

iot Conrezg-1) + (_1)kC2n(2q71)

l_[ Con2k-1y 1—[ Bk
\/_ Bonk-1) Cank

k=

(26)
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and

= Can-aks2g-1) + (D Cansiyag-1y

it Cen-neksg-n + (_l)kc(2n—l)(2q—1)

I—[ Con-1y2k-1) 1—1 Bon-1)2x
Bon-1y@k-1) 11 Can-12x

(27)

Proof. Taking f(k) = tanh™!'(a~2%%) in @), setting m = 2q
and using (T2) and (T)) we obtain

i(—l)k’ltanh ] Z( 1) tanh™ [ =
k=1 k=

p(2k+2q)
and hence
oo _ 2
1—[ Bpoksag + (D By, _ l—q[ Pk 4+ (1!
i1 Bpowag + (“DFBapg G| @R+ (=DF

4 o2PRk=1) 4 1 4 oAk _ ]

= ﬂ @2r@k-1) _ | H 2k 11

1—[ ‘/_sz(zk 1 ‘/_B4pk

Copr—1) =1 Capg + 1

q

ol I s

Crr-1 szk
Bpaik-1y Copk

Setting p = 2n and p = 2n — 1 above, proof of (24) and
(23) follows respectively.
Taking f(k) = tanh™'(a27%) in (§), setting m = 2g — 1 and
using (TT)) and (I)) we obtain

2g-1
(2g-1) k-1
(-1)*'tanh™! p (=1)" "tanh™
Z p(2k+2q 1 kz; [ Zpk]

and hence

= Cparrag-1y + (D1 Crq-1)

i1 Cparezg-1) + (=DFCpog-1y

2q-1
~ lq_[ 2pk+( l)k 1
azl’k+( 1)
Q2PCk=D 4 1 g-1 Pk — 1

q
U @?pCk=1) 1 l_[ a*rk 4+ 1

k=1

‘/_sz(zk i l_[ ‘/_B4pk

C4pk +1

1 Copar-n = 1

1—[ Crk-1 1—[ Bk
Copk

P(Zk D k=1

Setting p = 2n and p = 2n — 1 above, proof of (26) and
(27) follows respectively. o

Theorem 4. For g,n € Z* the following infinite product
identities hold.

ﬁ Bianrs2g-1) + (=1 Bgyy l_[ Con(at-3)Bantak-1y (28)

i Banersag-n + (=1)*Bgyg Bonk-3)Conak-1y

= Bun-2aks2g-1) + (1D Bayo1yag

i1 Bun-v@ki2g-n + (—D*Ban-1)44 (29)

Con-1)@k=3)Ban-1y@k-1)

1 Ben-1yar-3Can-1y4k-1)

= Bon-1y@k+2g-1) + (=D Bau1yg

il Ben-n@ks2g-n + (=D*Ban-1y24

I
—

(30)

B ﬁ (Can-1y@k-3) + DB2n-1y@4r-1
1 (Can-nar-1) + DBan-1)@r-3)

= Csnerg-1) + (=1 1Cupag-1y

iot Csnkrg-1) + (—l)kC4n(2q—1)

l_[ Con(ak-3) l—[ Boak-1y

Bonar-3) ;_| Conak-1)

(31)

'Clan-2)24-1)

ﬁ Cisn-aykrg-1) + (=1
it Cen-tyierg-1) + (D} Cuan-204-1)

l—l Con-1)4k-3) 1—[ Bon-1)@k-1)

Bon-nak-3) 1_i Can-ner-1)

(32)

and

'Con-1y04-1)

ﬁ Can-2)k+g-1) + (=1
i Clan-2yerg-1) + (=D Can-1yg-1)

-1
l_[ (Con-n@k-3 + 1) h Bon-1)@k-1
i1 (€

V8 it Ben-nu-3) Cn-l@k-1 + 1)

(33)

Proof. Taking f(k) = tanh™!(a=??*~D) in (@), setting m = 2¢
and using (I2) and (I)), we obtain

Z( 1) tanh™! Z( ¥ 'tanh™ 1[ o 1)]

p(2k+2q 1) e
(34)
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Proof of the identities (28)-(30) follows from (34). Corollary 1. Putting p = 2,t = m = 1 in Theorem 3] we
Taking f(k) = tanh™' (@ ?®~D) in @), setting m = 2g—1and  have
using (TT)) and (T)) we obtain
ﬁ B%Vl+j+l 2+ 2C2n+j+l
0 2g-1 BZ -2-2C X
2g-1) k-1 -1 1 n=1 Pon+jr1 2n+j+1
(- 'tanh™! Sregn 1 _ (=D tanh™!| —— oo sl
kz; [ Coplhrq- 1>] ; [af’(z" 1)] n Bopijr1 + 6(=1) :
(35) Bj+2 +1 _ =1 BZn+j+] - 6( 1)n+
Proof of (31)-(33) follows from (33). m] Bja—1 ﬁ C§n+]+l 17 + 16Cop4 j41
n=1 C§n+]+l 17 - 16C2”+j+1
Theorem 5. If p, j,t and m are natural numbers, then the o C% — 1 +48(=1)"! Boniji1
following identities are true for balancing numbers. l_l 2”“” 1
n=1 C2n+1+l - 48(_1)n+ B2"+j+1
oo 42
1_[ ! B;nn+JB;1(n+l)+1 I+ t(Bp(n+1)+J Bglnﬂ) _ IBZIH +1 and
2 _ _ b
it P By = L 1B = B ) 1B = o o
l_[ C2n+j+1 +7+ 16B2n+j+1
and n=1 C§n+]+1 16B2”+1+1
S PR B L (DB B =1 Cuajun +9 +6CD"™ Cone
pn+j = pn+1)+j pn+1)+j pn+j 5 —
1_[ mn — n+1 m Cj+2 +1 n=1 C2n+ it 9—-6(-1) C2n+j+]
2p" B +1—(=1)*1y(B" +B" ) i J
n=l1 pnei Pyt pneyej T Bpntj Cin—1 ~ B2 +1+2B .
(B" +1 J+2 1_[ 2n+j+1 2n+j+1
__rt _ B%n+ T 1- 2an+j+1
BT -1 o ap2’ ntl
ptj ﬁ 4B, i1 + 543D Cope jn
> .
Replacing B, by C,, two such identities can be obtained for net B2, S 5= 3(=1"*"1Conejur

the Lucas-balancing numbers.
Theorem 6. Ifa =3 + V8 and m, j €N, then

Proof. Taking g(n) = Bpy.j and h(x) = - in Lemma we

have (B g 6m? Z( 1Y*IB2,, + (=1)/m? = 1)B,Bysy — mB;
( pn+1)+j pn+/) «©
Ll e — [1—
! pn+j = p(n+1)+j n=1
ind 6m?2 Z( 1B, + ((~1))m* = 1)B, B, + mB;
i=l
H(n) = I(Bp(nﬂ)ﬂ Bpn+1) _ mBjy +1 ma’ + 1
tngnﬂB?(nmﬂ + 1 - mBj+1 -1 ma/-1
Hence, (36)
« m " and
| B" +1 B 1
Ztanh_lH(n) = 51 ( ladl 7 thn(kH)ﬂ 1)
n=i Bpsj plkr1)+j _m? Z( D*C2, + ((=1)'m? = 1)CyCpe + SmB;

+( 1)k+1 1—[

zk: +1 1 1 (IBZLH +1 tBI';l(k+1)+j )
(=1y"*'tanh™ H*(n) = ~In( =2 > 6m2 > (=1Y*C2,. + ((~1)/m? = 1)CyCpsy — SmB;
n=1 2 By, -1 By~ (=Dt Z ’ " !
and _ij+1+1.maf+1
mCj—1 mal -1
| B+ 1 37
Ztanh Hn) = Z( 1" tanh™ H* (n) = -1n( B;“ 1). (57)
Py Proof. Let g(n) = BBi - and h(x) = % and observe that,
Converting the infinite sum identity to infinite product  lIMa-eg(n +1) = a™/. From Lemmaf3] we have
identity, the result follows immediately. m] o m(ByBus js1 — Busi Bs )

szn+jBn+j+l - Ban+1
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Applying Lemmal[T|to the numerator and lemma [2]to the de-
nominator of H(n), it is easy to have

—mBJ

H(n) = -
6m> > (1B, + (=1)/m’ = 1)B, By
i=1

Hence,

k
1 mBji+1 mBjs — B
> tanh™ H(n) = SIn(- Lo S

o mBj+1 -1

mBj i1 + Byy

and

- 1. mBji+1 ma/ -1
tanh™' H(n) = =1 ! : .
; an (n) 2 n<mBj+1 -1 )

Converting the infinite sum identity to infinite product iden-
tity, (36) can be obtained directly. Taking g(n) = Cc—i and
h(x) = % in Lemma 3] applying Lemma [l|and Lemma 2] we
have

ma’/ + 1

8mBj
H(n) =
.] . . .
6m> Y (~1)HC,; + (= 1Ym? = 1)C,Ca
i=1
and (37) can be obtained similarly. m

Theorem 7. The following product identity holds for every
natural number m and j.

00

Cmn+jcm(n+])+j - an+ij(n+l)+j - Bm

n=1 Cmn+ij(n+1)+j - an+ij(ﬂ+1)+j + By
V8 -1
V8 +1

_ Cm+j + Bm+j

Cm+j - Bm+j

Proof. Let gn) = 22t p(x) =

Cmn+j ’

lim,g(n+ 1) = —L . From Lemma we have

V8

x and observe that

H(n) _ an+ij(n+1)+j - mn+ij(n+l)+j
Cmn+jcm(n+l)+j - an+ij(n+1)+j

-B,,

Cmn+ij(n+l)+j - an-%—ij(n+l)+j

and the proof is similar to that of the above theorem. O
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