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In this paper two explicit representations for the Drazin inverse of a 2 X2 block complex matrix
M are presented. Moreover, we also present several other representations for the Drazin inverse
of M under some conditions and generalize some results in literature.

Introduction

Let A € C™". Then there is a unique matrix A; € C™"
such that
(1) A4AAy = Ay, (i) AA,; = AJA, (iii) A", = A",
for some nonnegative integer n. The smallest positive expo-
nent n for which (iii) holds is called the Drazin index of A and
it is denoted by Ind(A). The matrix A, is called the Drazin in-
verse of A (See, for example, (Ben-Israel & Greville, 1980,
Ch. 4)/Drazin| (1958)), (Piziak & Odell, (1999, Ch. 5), or
(Campbell & Meyer, (1979, Ch. 7) for details). The study
on representations for the Drazin inverse of block matrices
stems essentially from finding the general expressions for the
solutions to singular systems of differential equations |Camp-
bell| (1982); |Campbell and Meyer| (1979)); (Campbell, Meyer,
and Rose| (1976).In 1983, Campbell(Campbell et al.| (1976))
established an explicit representation for the Drazin inverse
of a 2 x 2 block matrix

ey

we(2)

C D

in terms of the blocks of the partition, where the blocks
AeC™™ BeC™ CeC™" and D € C™™, In 2009,
Chunyuan Deng and Yimin Wei (Deng and Wei|(2009)) find-
ing an explicit representation for the Drazin inverse of a2x?2
Ié, g ), where A and BC are general-
ized Drazin invertible, if A"AB = 0, BC(I — A™) = 0. After-
wards, several authors have investigated this problem under
some limited conditions on the blocks of M, which is mainly
as follows:

block matrix M =

Corresponding Author Email: xiaojiliu72@ 126.com.cn

e B =0 (or C = 0). See Meyer and Rose| (1977) or
(Campbell & Meyer, 1979, Ch. 7).

e AB=0,D = 0. SeeDeng and Wei| (2009) .

e BC =0,DC =0 (or BD =0), and D is nilpotent. See
Hartwig, Hall, and Katz|(1985).

e BCA =0, BD =0, and DC = 0 (or BC is nilpotent).
See (Castro-Gonzalez, Dopazo, and Marti nez Serrano
(2009).

e BCA =0,BCB =0, DCA =0, and DCB = 0. See
Yang and Liu| (201 1)).

e BC =0and DC = 0. See|Cvetkovic-Ili¢| (2008)).

e BCA =0,BCB =0,ABD =0, and CBD = 0. See
Elliott and Zsido| (1984).

e BC = 0and BD = 0. See Dopazo and Marti nez Ser-
rano| (2010).

In this paper, we present respectively the representations for
the Drazin inverse of M under the conditions that AB = 0,
DC =0and AB =0, BD = 0. And we also give several rep-
resentations for the Drazin inverse of M under some weaker
conditions.

Some lemmas and notations
First, we will state some auxiliary lemmas.

Lemma 1. (Meyer & Rosel, (1977, Theorems 2.1 and 3.2) or
(Campbell & Meyer, [1979, Theorems 7.7.1 and 7.7.2) Let L
and U be of forms
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respectively. If s = Ind(A) and t = Ind(B), then

[ As O ([ Ba S
L"_(S Bd)’ Ud‘(o Ad)’
where

=1

Z BICA?

i=0

s—1

Z Bi#2CA!

i=0

In addition, max{s, t} < Ind(L),Ind(U) < s + 1.

S = A"+ B” — B,CAy.  (2)

Lemma 2. Let A € C"™", B € C"™™. Then A(BA); = (AB);A
for every integer i > 1, and B(AB)" = (BA)"B. Moreover,
Ind(BA) — 1 < Ind(AB) < Ind(BA) + 1.

Proof. As in the proof of (Campbell & Meyer, [1979, Theo-
rem 7.8.4(iii)), we can obtain (AB); = A(BA)ZB. The results
follow. O

Also, we need the ceiling function [x], the smallest in-

teger greater than or equal to x. In what follows, A? = I

and AT < [ - AA, for any square matrix A, and the sum

Z{ = 0if i > j. The following ceiling function ([k/27) are
not repetitive for any positive integer k .

The representation in the following lemma is slightly
changed for convenience.

Lemma 3. (Hartwig, Wang, & Weli, [2001, Theorem 2.1) Let
P,QeC™ IfPQ =0, then

2r1-1 2r1-1

Z QnQinrl_'_ Z QZHPiP”
i=0 i=0

P+ Q)

Q"Q*(I + QPP

[

+ » 07+ Q.P)PHP,
i=0

where max{Ind(P), Ind(Q)} < k < Ind(P) + Ind(Q).

Remark 1. Since (P + Q) =[I, Q][ 5 }and[ 5 }[1, 0] =
[ I; g }wherePon,
Ind([ I; g ]) —1<Ind(P+ Q)< Ind([ ?

0
o
by Lemma[2] and then, by Lemmal[l]

max{Ind(P), Ind(Q)} — 1 < Ind(P + Q)

Ind(P + Q) < Ind(P) + Ind(Q) + 1
if PO = 0.

Lemma 4. (Catral, Olesky, & van den Driessche, 2009}
Theorem 2.1)Let M be a matrix of the form (1) with A = 0
and D = 0. Then

B 0 (BC),B
Ma ‘( C(BC), 0

Furthermore, if Ind(BC) = p, then Ind(M) < 2p + 1.

Lemma 5. Let A € C™". Then (AA%); = 0,(A2Ag)q =
Ay, (A2A" = A, and Tnd(AA™) = Ind(A) and Ind(A%A,) =
1.

Proof. The Jordan canonical form of A permits us to write
A=S(C@®N)S~!, where S and C are nonsingular, and N is
nilpotent with index Ind(A). Thus A; = S(C~'@0)S . Now,
itis evident that A2A, = S (C®0)S ~!' and AA™ = S (0®N)S !,
which lead to the affirmations of this lemma. ]

Some results on the Drazin inverse of 2 x 2 block
matrices

In this section we shall derivate several representations of
the Drazin inverse of a 2 X 2 block matrix of the form ()
under diverse conditions. The following result, our main the-
orem, is a generalization of (Deng & Wei, [2009, Theorem
3.1).

Theorem 1. Let M be a matrix of the form (I). If AB = 0
and DC = 0, then

XA BY
Md‘(cx YD)’ 3)
where
p-1 [571-1
X = (BOY ) (BCYAZ*+ 3 (BO)'AYA™, (4)
i=0 i=0
| [41-1
Y = (CBY Z(CB)iD§i+2+ Z(CB);“D”D”, (5)

i=0 i=0
and s = Ind(A), t = Ind(D), p = Ind(BC) and q = Ind(CB).

Proof. Let M = P + Q, where

A 0 0 B
P=(0 D)’ Q:(C 0)' ©)

The conditions AB = 0 and DC = 0 imply PQ = 0. Thus, by
Lemmal[3]

r41-1

Ma=(P+ Q= ) 0"Q%(U+ QPP
i=0

f%]fl
n Z Q%Y1 + Q,P)P¥ P",
i=0
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where h = s+t > Ind(P) , k = 2p+ 1 > Ind(Q) and  Remark 2. By Lemma[3] @) and (§), (3) is rewritten as
I = max(h, k)(by Lemma ).

Now we consider the matrices mentioned in the above M, = (A7 : BC)4A  B(CB+ zDz)d ' 7
equation. Clearly, C(A*+BC); (CB+ D*).D
[ As O (AT 0 (ii) By Remark 1]
O A k|

By Lemma max{Ind(A), Ind(D), Ind(BC)} < Ind(M)

0 ( 0 (BO,B ) Ind(M) < Ind(A) + Ind(D) + 2Ind(BC) + 1
=\ cBo, 0 if AB=0and DC = 0.

and then, by Lemmaf2} By Theorem[T|and Lemma[2} we have the following corol-

o = (BCY* 0 lary.
B 0 (B : .
Corollary 1. Let M be a matrix of the form (1)) with A = 0.
Since If DC =0, then
0 = BC 0
L\ 0 cB) =] 0 BY ] ®)
d — b
for every integer i > 1, (CB)C YD
0% = (BC)! 0 where Y is defined in (9).
- 0 (CBY : . .
Using (7), we can easily see the following results.
and then
Corollary 2. Let M be a matrix of the form (T).
o= By 0 () IfAB = 0, DC = 0, and BC = 0, then
d 0 (B, ) ) ,
. | A4 BD?
wi_( 0 BCB! Ma=| ca2 p,%+cBD } - ©)
d (CB)H'C 0 ' )
Hence (i) If AB =0, DC =0, and CB = 0, then
r41-1 [ Ay + BCA3 BD?
Z QﬂQ21(1+ QPd)P‘ZIH—l Md = 7 CA(ZI Dd . (10)
i=0
r11-1 Proof. (i) When BC = 0, ({7) becomes
_ Z oo ! BDy | pain1
o CA; 1 d Mo = A3A  B(CB+D?), (11
- 471 CA2 (CB+D¥D |’

L1 o ) )

il (BC)”(BC)’A?,’+l (BC)”(BC)’BD?+2
Z (CB)"(CB)TAZM (CB)”(CB)iD3i+] and, by Lemma 2| (CB); = 0. Thus, since D*CB = 0,
(CB+D?), = DLZZ + CBDfI by Lemma And then B(CB +

[ X0 (BOY(BCYAX?2A  BY! (CBY(CBY DY+ ] D?), = BD? and (CB + D*),D = D, + CBD?. Consequently,

i=0

C X" (BCY'(BCYAY*? ¥4 (CBY"(CBYD**D ©) holds.
and, similarly (ii) Similar as the proof of (i). O
ri-1 The next result is an alternative generalization of (Deng &
Z Q2i+1( [+ Q4P) plipr Weil, 2009, Theorem 3.1).
d
j=o Theorem 2. Let M be a matrix of the form (I). If AB = 0
[31-1 . . . . _
Z [ (BC)Z+1A21+1AH (BC)ZHBDZD’T :| and BD = O, then
1 A2i i+1 y2i+1
pary (CB),/'CA"A™ (CB),/' D' D" ” XA
s . . 51 . . d = 2 AT _ D2 _
) [ Z,LZ(]) l(BC)‘d“AZ’“A" BZ,LZ(] I(CB)L,”DZ’D” Z+T+ R+ D;CA™ - D;CBCX — D,CXA
- r31-1 i+l g2ign 511 i+1 2+ 1 yx (BC),B
Cx.2, BOAZA™ .20 (CB)Y DD d
= ¢ =0 ¢ S + Dy(CBY"

Thus the desired result follows directly. O
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where X is defined in (@),

Z = |D" D" C(BCY; XA + DD C(BO)X|

1-1 r41-1

T = (L) +DLA) + Y. (H(n) + DgH(n)A),

n=1 n=0
f% -1 g-1
S = D”D2n+l(CB)$+l + Z D§n+l(CB)n(CB)”,
n=0 n=0
p-1
R =" DI">C(BCY'(BCY',
n=0

n-1
Ln) = D"D*"CX*AT™ A - D"D™ ) C(BO) AT,
i=1
n—1
H(I’l) = DEI}H—IC(BC)” Z(Bc)lAZn—Zl—l _ D[Z/H—l CXA2n+1 ,
i=0
12)

and s = Ind(A),t; = Ind(D), t, = Ind(P),t = max(t,t), p =
Ind(BC),g =Ind(CB) and k = s + 2p + 1.

Proof. Let M = P + Q, where

A B 0 0
P:[C 0}’ Q:[o D]
Then
0 0 . [1 o
Qd:[o Dd]’ Q‘[o D"]'

Since BD = 0 implies PQ = 0, by Lemma[3]

r41-1
M= (P+Qu= ) Q0"+ QPP
n=0

[51-1
+ > O+ QuP)P P
n=0
Since AB = 0, by Theorem T}

b _| XA (BCuB pr_| AT=BCX 0
=l cx o ’ ~| —cxaA (CBy" |’

where X is defined in (@), and, by Remark [ii),

max{Ind(A), Ind(BC)} < Ind(P) < Ind(A) + 2Ind(BC) + 1.

Thus, from AB = 0, we have

AX = Ay
(XA = XAX)'A = xAk'A,
XB = (BC),B,

k>1,

p-1 F%FI
X* = (BOY ) (BOYAF™+ > (BC)?A%A"
i=0 i=0
—(BC)4A3,
(BC).X*Ay = —(BC)AD

and then, by mathematical induction, for every integer n > 1,

P2n+l
d
By st
CX“A]" A - Y C(BC)‘d+ Ad’” A
+(BC)'BCX*A (BC)*'B
+C(BO) X 0 ’
P2n _ [ Z?:O(BC)iAZn—Zi 0 :|

Zfl;()l C(BC)iAZn—Zi—l (CB)n (13)

where ¥/ = 0if i > .
Now consider the first sum in (T3). Obviously,

. _ [ xa (BC)yB
QU+ OP)Pa = [ D"DCX?A +D"CX D"D(CB), ]

0 0
Qﬂan(I + QPd) [ DnD2n+1CX DirD2n :| (14’)

By (13) and (T4)), for every integer n > 1,

Q"Q*(I + QPP
0 0

0
7_D7TD2’Z+1 cX er}:—]l (BC);A(ZZH—]_%
0
_DﬂDZn ;’t:—ll C(BC)td+1A§n—21 0
[ 0 0
| DD CX(BCY!BCX2A + D*D*'C(BC)'X 0

+

+

o 0
= |L(n) + DLmAs 0

0 0
+

where L(n) is defined in (12).

DﬂD2n+1 Cx2A£21n—1 + D”DZHCXZAZH_IA DﬂD2n+l (CB)ZH

DnD2n+1C(BC)Zx2A + DnDZn C(BC)ZX DnD2n+l (CB)Z+1

|

|
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Hence the first sum in (T3) is (BC)" — XA? = A™ — BCX, we have
QNI + Q P)P*" P"
0
D§n+2CA7rA2n
XA (BC)sB 0 ]
d 2n+2 n i A2n=2i
D™DCX’A + D"CX D*D(CB), ] +Dy"C L (BOYA 0
0
11-1
. ri 0 0 *|-p22cBexan
~ L(n)+ DL(mA; O 0
r41-1 —D§n+2C(BC)d Z?ZI(BC)HIAZn—Zi 0]
+ Z 0 _
D”D2"“C(BC)ZX2A + D”DZ”C(BC)ZX S n_?  anie
n=1 | DS (CBY X2y C(BC)Y A=
0 ] 0
7 y2n+1 n+l
D™D (CB)d _D‘21n+1 CXA2n+1 D‘21n+1 (CB)”(CB)“]
rs1-1 [ 0 B [ 0
= 2n ny?2 n n = 2n+2 2 2042 2n+2
— D"D*"*!C(BC)"X*A + D"D*'C(BC)X DI*2C(BCY'A* — DI CXA*™
0
0 2n+2 TN i A2n-2i
DﬂD2n+1(CB):;+1 +Dd C(BC) Zi:l(BC) A 0
LTI 0 + 0 0 - }
+ Z | H(n) Dd"+ (CBY"(CB)"
g L(n)+ DL(m)A; O [ 0 0 ]
N [ é(A E)BC)[,B ] ' (18) {-I(n) +DHMA 0
+ 0 0
| DZ"*ZC(BC)”(BC)” Dlzi”“(CB)”(CB)" ’
where H(n) is defined in (12).

Hence the second sum in (13)) is

rs1-1

ZZ 0 0
Hn)+DsHm)A 0

Next consider the second sum in (I3). For every integer "

0
K
n>0, 2

[51-1 0 0

" g [ DX2C(BCY'(BC)" D2*!'(CBY'(CB)" ]
0 0
DXCA™ — DXCBCX — Dy,CXA  Dy(CB)"

where k = Ind(A) + 2Ind(BC) + 1.
As a result, putting (I8)) and (T9) into (T3) yields M,. The

+

},(19)

07 (I + QuP)P"

0 proof is complete. O
D"*2CA™ — DI*?CBCX - DI"'CXA
0 Since
D2n+1 (CB)K] A B _ 0 In D C 0 Im
¢ cp| | ofllBalln olf®

we can obtain the following result, applying Theorem [2] to
D C
B A [

Remark 3. Let M be a matrix of the form (I). If DC = 0

and CA = 0, then we can get another representation for the
For every integer n > 1, since PP; = P,4P implies Drazin inverse by Theorem[].
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In the rest of the paper we will exploit Theorem [I] or
Corollary [2]to obtain some representation of M, under some
weaker conditions. Firstly we will present the following re-
sult.

Theorem 3. Let M be a matrix of the form (I). If AA"B =0,
DD™C =0, CA; = 0and BD; = 0, then

Aj+AT™XA+L A™BY +N

M, = L _
7| prcX+N D, +D'YD+L |’

@1

where s = Ind(A), t = Ind(D), p = Ind(BC), k = s+t+2p+1,
and

k-1
L = Z AZHUBC(S (n) — XA™)
n=0
+A4BC(S (n) — XA™A],
k-1
L = Z DY [CB(S (n) - YD)
n=0
+D,CB(S (n) — YD*)D],
k-1
N = Z AZ[B(S (n) - YD*)D
n=0
+A4BCB(S (n) — YD**) + AyBD™"],
k-1
N = > DICE-xAMA
n=0
+D,CBC(Z — XA™) + D,CA™, (22)
r§1-1 rs-t
X = Z (Bc)i;lAZi’ Y = Z (CB)ZFIDZI"
i=0 i=0
n—1
Sn) = Z(BC)"(BC)iAZ"_Zi_Z,
i=0
_ n—1
S (n) — Z(CB)"(CB)iDZ'l_Zi_z.
i=0

Proof. Let M = P + Q, where

AA™ B A’A; O
P_[C DD”]’ Q‘[o D2D4]'

Clearly, PQ = 0. By Lemma[5] we have

YRR . [A" 0
o= by Jmee=[ |

Apparently

A" 0
no_ d T
Qd—[o Dg},fornzl,andQQ =0.

Since AA"B = 0 and DD"C = 0, by Theorem [I]

p | XAA" BY | xA By
=1 cx Yypp* |~ | cx YD |

where X = 3% (BC);'A% and ¥ = 5,7 (B D (by

LemmaE]and CA; =0and BD; = 0),and k = s+1+2p+1 by
Remark 2] And therefore AA”X = 0 and DD"Y = 0. From
this, we have

-CXA

. | 1-BCx
F ‘[ 1-CBY

—BYD ]

Moreover, we have, forn > 1,

" (BC) AP =2ip" -\ B(CB) D221

2n _
P = 7:_01 C(BC)iAZn—Zi—l er}:O(CB)iDZn—ZiDn ’

Since CA; = 0 and BD,; = 0, we obtain PQ = 0. Using
Lemma[3] we get

M= P+ Q)g=Q"Py+ Qu + QuP)P"

k-1
n Z QY (I + QuP)P*"P".
n=1

Clearly,
. | A"xA A"BY
_ I Ay B
[+0QaP = [DdC I ]
Forn > 0,

Q7" (I + QaP)P"
A+l AZ%B || I1-BCX -BYD
py**C Dy || -CXA  I-CBY
A§11+1 _ A[21n+IBCX _ A§n+2BCXA
D"2C — DYJ**CBCX - DJ"*'CXA
AJ"*?B - AJ"?BCBY — AT 'BYD| 4
D! — DI*CBY - Dy""*CBYD

Since BD¥C = BD™D*C = 0 and CA*B = CA™A*B = 0 for
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k > 1, we have, forn > 1,

Q2n+l(1 + QdP)Pﬂ'PZVl

A(21n+1 (BC)HI (BC)HAZIl—Zi—2
- - DL21n+2C(BC)i+l (BC)ﬂAZn—2i—2

A£21n+1B(CB)i(CB)IrDZn—Zi—l
D§n+2(CB)i+1 (CB)HDZn—Zi—l

n—1

Afl’”z(BC)”l(BC)”AZ”‘ZH

+ 4 D(21n+1 C(Bc)i(BC)ﬂAZn—Zi—l

i=

A[Zin+ZB(CB)i+l (CB)er2n—2i—2
DjnJrl (CB)i+1(CB)7rD2n—2i—2

[ A2n+lBCXA2n A2n+lBYD2n+l :|

- 2 2 % 2 2n+1
"(CBCX - O)A™"  D"“CBYD™*
A2n+ZBCXA2n+l A211+2(BCBY _ B)DZn
[ ‘énJrlCXAZlHI n+1CBYD2n :|

e (D4CBCS (n) + CS (n)A)

A2 (A44BCBS (n) + BS (n)D)
D>*+(CBS (n) + D,CBS (n)D)

[ A2 (BCX + A;BCXA)A™

_ [ 2141(BCS (n) + AyBCS (n)A)

02"+1 [CXA + D4(CBCX — C)] A>

A2V [BYD + A(BCBY — B)] D*"
D**\(CBY + D,CBYD)D* |

where S () and S (n) are defined in 22).

By 24),

a\

-1
Q ([ + QP)P" P

»‘5
'—‘O

3 A2"+' (BCS (n) + A4BCS (n)A)
- "*‘(DdCBCS (n) + CS (mA)

n=1
A2 (AdliCB:S"(n) + B§~(n)D)
D>*(CBS (n) + D,CBS (n)D)

Aq+L N

ﬁ D, + Z

(25)

where N, N, L and L are defined in 22).
From (23) and 23)), (1) follows. i

The next result is a generalization of (Deng & Weil, 2009,
Theorem 3.8).

Theorem 4. Let M be matrix of a form (1). If AA"B =0,
BC(I — A™) = 0and DC = 0, then

T T
CA,T + CA™X — CAyXA CA,T + YD — CA,BY
(26)

M, =

where k = s+t+2p+1, s = Ind(A), t = Ind(D), p = Ind(BC),
q = Ind(CA™B), and

r§1-1

T = A'XA+Ay+ Z (Gn) - J(n)),
n=0
_ r1-1
T = A™BY + Z (H(n) — K(n)),
n=0
n—1
G(n) — Z A[21n+1 [(Bc)i+l + Ad(Bc)i+1A]A2n—2i—2
i=0
H(n) = AY*?B(CB)'D"
n—1
+ Z AT [B(CB) + A4B(CB)Y DID* *~' D",
i=0
Jin) = AFNBCY™'X + ATA(BO)™ XA,
K(n) = AF*'B(CB)'YD+AJ**B(CBY"'Y,
rs1-1
X = Z (BC)Z+1A2i,
i=0
g-1 r51-1
Y = (CA™BY Z(CA”B) D22 4 Z (CA™B)'D¥ D"

i=0 i=0
Proof. Split matrix M as M = P + Q, where

AA™ B A*A; 0
P_[CA” D]andQ‘[CAAd 0]

From Lemma [I] and Lemma [5| we have, for every integer
n>1,

A" 0
no_ d
Qd _[ CAZH 0 ]
and then

A" 0
Q”:[ CA, I}andQ”on.

Since PQ =0,

[41-1
My =(P+Q)a=Q"Py+ Z Q3 I+ QuP)PPT, (27)

where k > Ind(P), by Lemma 3]
Since AA™B = 0 and DCA™ = 0 in P, we get, by Theorem
[

p | XAA" BY
d CA™X YD
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where
p-1
X = (BCA™ Z(BCA”)"(AA”)f;*2
i=0
r31-1
+ Z (BCA™)+ (AA™)Y (AATY
i=0
[51-1
= (BC)' A% (by Lemma[5and BC(I — A™) = 0),
i=0
q-1 Fé?*l
Y = (CA™BY ) (CA™BYD}*+ ) (CA"B)]'DYDr,

i=0 i=0

and s = Ind(AA™) = Ind(A),t = Ind(D), p = Ind(BCA™) =
Ind(BC), ¢ = Ind(CA™B) < p + 1, and, by Remark [{ii),
Ind(P)<s+t+2p+1.

Note that XA™ = X. Then

po_| XA BY
4= cA™x YD |’

Since AA™B = 0 and DC = 0, AA"(BC); = 0 and
D(CA™B),; = 0 and therefore AA"X = 0 and DY = D,. Thus

pPr
I AA™ B XA BY
CA™ D CA™X YD

B [I—BCX -BYD ]

—CA™XA D" -CA™BY

For every integer n > 0,

(21n+1(1+ QdP) I AdB :|

2n+1
Qi [ 0 I+CA3B
A2n+1 A2n+ZB ]
_ d d
= 2042 mzp |- (28)
[ CAd + CAd B

Note that

P A%A™ + BCA™ BD
B CAA™ CA™B + D?
We can prove, for every integer n > 1,

p = S (BC) AP=2iAT
T | X5y CAT(BCY A2y (CATB) D2

Z:l:—ol B(CB)iDZn—Zi—l :|

by induction on n. By (28), for every integer n > 1,
Q(21n+l (I + QdP) P2n

n-1 |: AirHI[(BC)iH +Ad(BC)i+]A]A2n—2i—2

£ CA?;HZ[(BC)Hl + Ad(BC)HlA]AZn—Zi—Z

AZ*[B(CB)' + A¢B(CB)' DID**~%!
CA2*2[B(CBY + A,B(CB) D]D*"2"!
0 A2n+2B(CB)n
+ d
0 CA2*3B(CB)"

| 6m H(n)
= | CA.G(n) CALHn) |’
where
Hn) AZ2B(CB)"

n—1
+ Z AY*[B(CB)' + A4B(CB)'DID¥" %",
i=0
Note that Hn)C = A¥*2(BC)"™'. Since BCABC =
BCA™AB =0, G(n)B = A7"*'(BC)"B for n > 1, we have
O (I + QuP)P*" P"
_| G - BCX) - A2+2(BC)™' XA H(n)D"
" CA,G(n)(I — BCX) — CA2™3(BCY™XA  CA4H(n)D"
—AZ"2(BC)"™!' BY — G(n)BYD
—CAZ"3(BC)"™'BY — CA,G(n)BY
G(n) H(n)D"
CA,G(n) CA H@m)D™
B A‘21n+1 (Bc)n+lX + A§n+2(BC)n+1XA
AT (BCY'BYD + A7 (BCY" ' BY
CAZ*2(BCY™ ' X + CAZ™3(BC)™' XA
CAZ™2(BC)"BYD + CAZ™3(BC)"™' BY)

G(n) H(n) J(n) K(n)
CA,G(n) CA4H®n) | | CAJ(n) CAK(n) |

Also, by (28) and G(0) = 0 and H(0) = A2BD",

Qs+ QuP)P"
B Ay(I - BCX) — A2BCXA
~ |CA3(I - BCX) - CAJBCXA
A’2B(D"™ - CBY) — AyBYD
CAB(D"™ — CBY) — CA3BYD

A o .| 6O H(0)
Tl cAl o CA,G(0) CA4H(0)
[ 1) K(0)
CA4J(0) CALK(O) |
0P, = [ A™XA A"BY
¢ 7 | CA"X-CAXA YD-CA4BY |
The proof is complete. O
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Using (20) and Theorem[d] we have the following result.

Remark 4. Let M be matrix of a form (I). If DD"C = 0,
CB(I — D) = 0 and AB = 0, then then we can get another
representation for the Drazin inverse by Theorem[d).

The last result is gained by utilizing Corollary

Theorem 5. Let M be matrix of a form (I). If AA™B = 0,
D,C =0, CA; =0and BD" =0, then

_| A« —-AuBD;+A"BD}
Ma ‘[ 0 Dy+3X._oD'CBDY | (29)
where t = Ind(D).
Proof. Let M = P + Q, where
AA™ B A%4; O
P_[C D2Dd]’ Q‘[o DD”]'
Thus
A"AT BD"!
71 —
P - |: CAn—lAn CBDn—2 + Dn+1Dd :|,I/l = 2’ (30)
An+1Ad 0
1 —
= |y D”D”]’HZL

where Ind(Q) < Ind(A%A,) + Ind(DD”™) = 1 + t by Lemma
and Lemma
By Lemma[2] we have

| Az O . | AT 0
Qd_[o 0]7 Q_[O I:|9
o 0 0
o"0" = [ 0 D'D" }7

n>1.

Since BD* = 0 and DD,C = O imply BD/C =
BD’*'D,C = 0 for j > 0, P satisfies the conditions of Corol-
lary 2i). Then, by Corollary 2i) and Lemma 5]

2 1+ 1
P, = 0 BD? o= 0 B?d 2
0 D;+CBD} 0 D +CBD!
n>1,
|1 -BD,
Pﬂ‘[o D”—CBD@}
and
AAT 0 1
pipr_) | € —CBDg |’ n=n
- AAT 0 )
cA™=lAT o |0 "=~

Thus Q;P"P" =0 forn > 1.

Since AA™B = 0, CA; = 0 and BD™ = 0, we obtain
PQ = 0. Therefore, by Lemma[3] we get

t+1)-1
Z QﬂQnPZ+1 +QdP7{
n=0
A" 0 |[ 0 BD?
0 I]||0 Ds+CBD]
t

0 0

+2 0 D”D”]

n=1

M; =

0 BD* ]
0 D'+ CBD
Ag O || 1 -BD,

0 0] 0 D"-CBD;

0 A"BD? .\ 2 0 0
0 Dy+CBD} 0 D'CBD?

n=1

+

1o o

Ay, —-AyuBD, ]

Hence we reach (29). m]
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