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Abstract: We give a simple solution of a classical linear delay
differential equation.

Most students who have taken an undergraduate course in dif-
ferential equations have never heard of a delay differential equation.
This should not be the case, especially since the problem of mix-
ing salt brines encountered in undergraduate differential equations
texts, is modeled by a delay differential equation if one does not
assume instantaneous perfect mixing. Our goal in this note is to
give the general solution of a simple linear differential equation,
using calculus and mathematical induction. The solution we give
is efficient from a computational point of view, and uses the known
method of steps.

The next lemma is a simple result about iterated integrals that
will make the computation of the solutions easier. It can be easily
proved using calculus and mathematical induction, by changing the
order of integration.

Lemma 1. If g(x) is continuous on the interval [a, b] and we
define I0(x) =

R x
a
g(t)dt and

In+1(x) =

Z x

a

In(t)dt for n = 0, 1, 2, ...,

then

In(x) =
1

n!

Z x

a

(x− t)ng(t)dt for n = 0, 1, 2, ... .

We next state a classical simple first order linear delay differen-
tial equation and derive a general solution for it. Since the solution
will be given piecewise on the intervals [0, 1], [1, 2], ..., the previ-
ous lemma will be useful when one uses this for different initial
conditions.
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Theorem 1. The solution of the equation

y0(t) = ay(t) + by(t− 1), t ≥ 0

y(t) = f(t), t ∈ [−1, 0],

where f is continuous on [−1, 0], is

y(t) = pk(t)e
a(t−k) + bk+1ea(t−k−1)Ik(t− k − 1),

where k = 0, 1, 2, 3, ... and k ≤ t ≤ k + 1, and

pk(t) =
kX
j=0

y(j)bk−j

(k − j)! (t− k)
k−j

I0(t) =

Z t

−1
f(s)e−asds

In+1(t) =

Z t

−1
In(s)ds.

Proof : The equation will be solved piecewise on the intervals
k ≤ t ≤ k + 1, where k = 0, 1, 2, 3, .... We will use a mathematical
induction argument to establish the solution.

Solution on [0, 1]: Here, the problem reduces to

y0(t) = ay(t) + bf(t− 1).

We have

(y(t)e−at)0 = bf(t− 1)e−at

Z t

0

(y(s)e−as)0ds = b
Z t

0

f(s− 1)e−asds
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[y(s)e−as]t0 = b

Z t−1

−1
f(u)e−a(u+1)du

= be−a
Z t−1

−1
f(u)e−audu,

y(t)e−at − y(0) = be−aI0(t− 1)

y(t) = y(0)eat + bea(t−1)I0(t− 1)
= p0e

at + bea(t−1)I0(t− 1).

General Form of the Solution

We will use an induction argument. Assume that for all n ≤ k,

y(t) = pn(t)e
a(t−n) + bn+1ea(t−n−1)In(t− n− 1),

where n ≤ t ≤ n+1. The problem on the interval k+1 ≤ t ≤ k+2
is then

y0(t) = ay(t) + bpk(t− 1)ea(t−k−1) + bk+1ea(t−k−2)Ik(t− k − 2).

Now,

(e−aty)0 = bpk(t− 1)e−a(k+1) + bk+1e−a(k+2)Ik(t− k − 2).

y(t)e−at − y(k + 1)e−a(k+1) = be−a(k+1)
R t
k+1

pk(s− 1)ds

+ bk+1e−a(k+2)
R t
k+1

Ik(s− k − 2)ds.
Considering the last two integrals on the right hand side of the last

equation separately,

Z t

k+1

pk(s− 1)ds =
kX
j=0

y(j)bk−j

(k − j)!
Z t

k+1

(s− k − 1)k−jds

=
kX
j=0

y(j)bk−j

(k − j + 1)!(t− k − 1)
k−j+1.
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In the next integral, we use the substitution u = s− k − 2, to get
Z t

k+1

Ik(s− k − 2)ds =

Z t−k−2

−1
Ik(u)du

= Ik+1(t− k − 2).

Hence,

y(t)e−at − y(k + 1)e−a(k+1)

= be−a(k+1)
Pk
j=0

y(j)bk−j

(k−j+1)! (t− k − 1)k−j+1

+ bk+1e−a(k+2)Ik+1(t− k − 2)

y(t) = ea[t−(k+1)][y(k + 1)

+
Pk+1
j=0

y(j)b(k+1)−j

[(k+1)−j]! [t− (k + 1)](k+1)−j ]

+ bk+1ea[t−(k+2)]Ik+1(t− k − 2)

y(t) = pk+1(t)e
a[t−(k+1)] + bk+1ea[(t−(k+1)−1]Ik+1(t− (k + 1)− 1),

which establishes the induction step, and finishes the proof.

Example 1 By letting a = 0, b = −1, and f(t) = 1, one gets the
equation

y0(t) = −y(t− 1), t ≥ 0

y(t) = 1, t ∈ [−1, 0],

Applying our results, it is easily seen that the solution in the
interval [0, 1] is

y(t) = 1− t

while the solution in the interval [1, 2] is

y(t) = −2t+ 1
2
t2 +

3

2
.
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Example 2

A more complicated example that requires integration by parts
is the following exercise, which is problem 3, from [1] p. 213:

y0(t) = ay(t) + by(t− 1), t ≥ 0

y(t) = 1 + t, t ∈ [−1, 0],

Applying our results, it is easily seen that the solution in the
interval [0, 1] is

y(t) =
−b
a2
− bt
a
+

µ
1 +

b

a2

¶
eat

while the solution in the interval [1, 2] is

y(t) = 2b2

a3 − b2

a2 +
b2t
a2

+
h
1 + b

a2 − (b+ b
a +

b
a2 +

b2

a2 )e
−a
i
eat

− 2b2

a3 e
a(t−1) +

³
b+ b2

a2

´
tea(t−1) .
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