On the Solution to Nonic Equations
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ABSTRACT. This paper presents a novel decomposition tech-
nique in which a given nonic equation is decomposed into
quartic and quintic polynomials as factors, eventually lead-
ing to its solution in radicals. The conditions to be satisfied
by the roots and the coefficients of such a solvable nonic
equation are derived.

Introduction

It is well known that the general polynomial equations of degree
five and above cannot be solved in radicals, and have to be solved
algebraically using symbolic coefficients, such as the use of Bring
radicals for solving the general quintic equation, and the use of
Kampe de Feriet functions to solve the general sextic equation [1,
2]. There is hardly any literature on the analytical solution to the
polynomial equations beyond sixth degree. The solution to certain
solvable octic equations is described in a recent paper [4].

This paper presents a method of determining all nine roots of
a nonic equation (ninth-degree polynomial equation) in radicals.
First, the given nonic equation is decomposed into two factors in a
novel fashion. One of these factors is a fourth-degree polynomial,
while the other one is a fifth-degree polynomial. When the fourth-
degree polynomial factor is equated to zero, the four roots of the
given nonic equation are extracted by solving the resultant quar-
tic equation using the well-known Ferrari method or by a method
given in a recent paper [3]. However, when the fifth-degree polyno-
mial factor is equated to zero, the resultant quintic equation is also
required to be solved in radicals, since the aim of this paper is to
solve the nonic equation completely in radicals. For this purpose,
suitable supplementary equations are employed so that the given

(3]
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nonic equation can be successfully decomposed, and then the resul-
tant quintic factor also can be further decomposed. The criteria to
be satisfied by the roots and the coefficients of such a solvable nonic
equation are derived. At the end, we solve a numerical example
using the proposed method.

Decomposition of a Nonic Equation

Consider the following nonic equation in x :
¥+ (181’8 + a7:l:7 + a6x6 + a5x5 + a4:l:4 + a3x3 + a2x2 +a1x+ag =0,
(1)
where ag, a1, as,as,aq,as,ag, a7, and ag are real coeflicients. In
the proposed method, we add a root “at the origin” to the above

equation, which is equivalent to multiplying (1) by z. This action
converts the nonic equation (1) to a decic equation as shown below:

xw—|—a8x9—|—a7a:8+a6x7+a5x6+a4x5+a3x4+a2x3+a1x2—|—aox =0.
(2)
Our aim is to decompose the above decic equation into two quintic

factors. For this purpose, consider another decic equation as shown
below:

(@° + baa* + bsa® + boa® + bz + by)”
— (et + c32® + cox? + 1w + )2 =0,

(3)

where bg, b1, b2, b3, by, and cg, c1, C2, 3, ¢4 are the unknown coeffi-
cients in the quintic and the quartic polynomial terms respectively,
in (3). Notice that the above decic equation (3) can be easily de-
composed into two quintic factors as shown below:

[(25 4 baz* 4 bgz® + box® + by + by)
— (ca® 4 c32® + c22” + 1z + o) |

# [ (25 + baa* + bgx® 4 baa® + by 4 bo)
]

+ (C4x4 + C3x3 + 02332 “+c1x + co)

(4)
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where the symbol * is the multiplication symbol. Equation 4 is
further simplified as:

[:EE’ + (by — cg)2* + (b3 — c3)a3 + (by — co)a?

+ (b1 —c1)x + by — ¢

# (25 4 (ba + ca)z* + (bs + c3)2® + (by + co)a?

+ (bl +Cl)l’+b0+60} =0.
()

Thus if the decic equation (2) can be represented in the form of de-
cic equation (3), then it can be easily decomposed into two quintic
factors as given in (5). In order for (3) to represent decic equation
(2), the coefficients of (2) and (3) must be equal. Note, however,
that the coefficients of (3) are not given explicitly. Therefore, to
facilitate comparison of coefficients of (2) and (3), the decic equa-

tion (3) is expanded and rearranged in descending powers of x, as
shown below:

210 + 2b42% + (b?l + 2bs — ci) 28 4+ 2 (bg + bzby — c3c4) 27

+ (b% + 2by + 2b3by — 3 — 2cz04) x0

+2 (b + byby + bobz — c1cq4 — coc3) 2°

+ (b% + 2bobs + 2b1b3 — c% — 2¢cocy — 26103) xt

+2 (bobs + byby — cocs — cico) 3

+(b3 + 2bgby — ¢ — 2cpez)w? + 2(boby — coc1)r + 03 — 3 = 0.
(6)

Equating the coefficients of (2) and (6), we obtain the following ten
equations:

2b4 = as (7)

bi + 2b3 — Ci = a7 (8)
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2 (bg + b3by — C3C4) = ag (9)
b% + 2b1 + 2b3by — C% — 2c0c4 = as (10)
2 (bo + b1by + bobs — c1c4 — 0203) = Q4 (11)

b% + 2b0b4 + 2b1b3 - C% - 26004 - 20103 = as (12)

2 (bobs + b1by — cocs — c102) = ag (13)
b? + 2bgbs — 3 — 2coc2 = ay (14)
2 (boby — coc1) = ag (15)
b —ct=0. (16)

Equation 16 results into two expressions for ¢q as: ¢y = +bg, and
we choose:

Co = b(). (17)

When (17) is used in the factored decic equation (5), we obtain
the following expression containing the quartic polynomial and the
quintic polynomial as factors:

x [a* + (bs — ca) 2® + (b3 — ¢3) 2?
+ (b2 — co) x + (by — c1)]
# [2° + (bg + ca) 2* + (b3 + ¢3) 2°
+ (b2+62)$2+(b1+61)$+2b0} = 0.
(18)

Notice that the added root (“at the origin,” z = 0) to the given
nonic equation (1) is visible in the factored equation (18). To
facilitate extraction of the nine roots of the given nonic (1), the
quartic and the quintic factors in (18) are equated to zero leading

to the following quartic and quintic equations respectively as shown
below:
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2t 4 (by — cg)2® + (b3 — c3)a?
—|—(b2—62)$—|—b1 —c1 =0

(19)

25 4 (by + ca)x* + (b3 + c3)x3 + (bo + co)2?
+<b1 + Cl)l‘ +2by =0.
(20)

Once the unknown coefficients in (19) are determined, the
quartic equation (19) can be solved in radicals by well-known meth-
ods [2, 3]. However, the same cannot be said for the quintic equa-
tion (20), since there is no solution in radicals for a general quintic
equation. Thus to make quintic equation (20) solvable in radicals,
we need to find some way to decompose it into factors. In the next
section we introduce some supplementary equations to facilitate
determination of unknowns as well as the decomposition of (20).

Choice of Supplementary Equations

Since general polynomial equations beyond fourth-degree can-
not be solved in radicals, it is to be noted that, even though there
are ten equations, (7) — (16), to determine the ten unknowns in
the decic equation (3), some more equations (called supplementary
equations) are required to determine all the ten unknowns and to
decompose the quintic equation (20). The supplementary equa-
tions introduced will decide the type of solvable nonic equation.
Let the supplementary equations introduced here be as indicated
below:

Cqp = —b4 (21)

(G —bl (22)

Using these supplementary equations in the quartic and the
quintic equations, (19) and (20), leads to the following equations:

% 4 20423 + (bg — c3)22 + (ba — ca)x + 201 =0 (23)

x5 + (bg + c3)a® 4 (b2 + c2)x? + 2by = 0. (24)
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We decompose the quintic equation (24) as shown below:

x3(x? + b3 + ¢3) + (ba + c2) (xQ + b%_ﬁfg) =0. (25)

The above equation can be decomposed if the following condition
is satisfied.

by +c3 = 522 (26)

With the coefficients of the quintic equation (24) satisfying the
condition (26), the equation (24) can be factored as shown below:

(1‘2 + b3 + Cg)(l‘3 + by + 02) =0. (27)

The roots of the factored quintic equation (27) can be easily de-
termined in radicals. The next task is to determine the unknowns
(bo, b1, ba, b3, by, co, €1, C2, 3, ¢4) using the equations, (7) — (16), and
the supplementary equations (21), (22), and (26).

Determination of Unknowns

Using equations, (7), (8), and the supplementary equation (21),
the following unknowns are determined as shown below:

by =%
Cy = 7%
by = 4. (28)

The equations, (9) — (15), get converted to the following new equa-
tions, (9A) — (15A) respectively, by substituting the values of by, ¢4,
and b3 from (28), as well as by eliminating ¢y and ¢; (through the
use of (17) and (22)).

2bs + ag (%Z + 03) =ag (9A)
2b1 + ag(bz + 62) + %3 - C% = as (10A)
2b0 + a7b2 - 20203 = Q4 (11A)

b% + 2agbg + b1 (a7 + 263) — C% = as (12A)
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bQ(CL7 — 263) + 2b1(b2 + CQ) = a» (13A)
2b0(b2 — Cg) = aq (14A)
4b0b1 = Qg (15A)

The supplementary equation (26) also gets modified as shown be-
low:

a7 + 2c3 = b24<l:’0C2 . (26A)

Using (15A), by is eliminated from the above set of equations, (11A)
— (14A) and (26A), to obtain a new set of equations, (11B) — (14B)
and (26B), respectively, as shown below:

3=+ arby — 2co03 = ay (11B)
b3 — 3+ % +bi(ar +2c3) =a3  (12B)

T (a7 —2¢3) + 201(bg + ¢2) =az  (13B)

by — ¢y = 2p, (14B)
b2 +co = m. (26B)

Using equations (14B) and (26B) we obtain the expressions for bo
and ¢y as follows:

a aib
b2 = 2b1(a71263) + - (140)

ao
— Q b
62 - 2b1 ((Li+203) - %. (260)

Now by and ¢y are eliminated from (9A), (10A), (11B), (12B), and
(13B) using expressions (14C) and (26C), resulting in the following
new equations, (9B), (10B), (11C), (12C), and (13C), respectively,
in the unknowns b; and c3 :

4@1[)%(@7 + 203) = 2apagb1 (a7 + 203) — a0a8b1(a7 + 203)2 — 2(1(2)

(9B)
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8b% (a7 + 203) = 4asby (a7 + 203) — 2a7b1 (a7 + 263)2
+b1 (a7 + 2c3)® — 4agas

(10B)
a}lb%(aﬁ + 203)2 = apaqsby ((17 + 2¢3) — a%a7
(11C)

2()% (a7 + 203)2 = 2a3b; (a7 + 263)
—4a1by — aoag(a7 + 263)

(120)

by — 2&0@7(&7 + 263) — ao(a7 + 263)2
! das(a7 4 2¢3) — 8ag

(13C)

Notice that the expression (a7 + 2c¢3) appears frequently in the
above equations. Therefore we make following substitution for the
expression (a7 + 2c3) in these equations to simplify the algebraic
manipulations:

d = a7 + 2cs. (29)

Hence the new equations obtained are as follows:
4a1b:{d = 2a0a6b1d — a0a8b1d2 - 2@3 (90)

8b%d = 4a5b1d — 20,7b1d2 + b1d3 - 40,0(18 (].OC)

alb%dQ = a0a4b1d — a(Q)a7 (11D)
2b%d2 = 2a3b1d - 4(11[)1 — aoasd (12D)
by = 2parlsed, (13D)
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Notice that there are five equations, (9C), (10C), (11D), (12D),
and (13D), and two unknowns (b; and d) to be determined from
these equations. While two equations are enough to determine the
two unknowns, the remaining three equations are used to derive
the conditions for the coefficients of the given nonic equation (1)
to satisfy, so that the nonic is solvable. One may be tempted to
eliminate by, using equation (13D), from the remaining equations
(9C), (10C), (11D), and (12D); however a better way is to eliminate
b?, using (11D), from the remaining equations as described below.

Eliminating b7 from (9C), using (11D) and rearranging, we
obtain the following expression:

bld(2a6d - agd2 — 4a4) = (2a0d — 4@0&7). <9D)

Similarly, we eliminate b% from (10C), using (11D) and rearranging,
to get an expression as shown below:

b1d(4a1a5d - 2a1a7d2 + a1d3 — 8&0&4) = 4ao(a1a8d — 2(10(17).

(10D)

When b? is eliminated from (12D), using (11D) and rearranging,
the following expression results:

201 [(a1a3 — apay)d — 2a?] = ag(arasd — 2apar).

(12E)

The latest equations to be considered for the elimination process
are (9D), (10D), (11D), (12E), and (13D). Notice that the expres-
sion (agd — 2agay) appears in both the equations, (9D) and (13D),
and therefore it becomes easier to eliminate b; from (9D) using
(13D); the resulting new expression (9E) obtained is as shown be-
low:

4 _ 2a6 33  4as 12 _ 8 16ag _
d fa%ﬁd Jrais“d faL;de a:f’—(). (9E)
Similarly the expression (ajasd —2apa7) appears in equations,

(10D) and (12E), and we eliminate b; from (10D) using (12E),
to obtain the following expression:

d* — 2a7d3 + 4a5d2 — 8aszd + 16a; = 0. (1OE)
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We notice that the expression (12E) contains only linear terms of
d in the numerator and the denominator, hence (12E) is used to
eliminate b; from the remaining equations, (11D) and (13D), to
obtain the new equations, (11E) and (13E), respectively as shown
below:

d* + a9d3 + a10d2 + ay1d + a2 =0, (11E)

where ag, a19, a11, and aq2 are given by:

2(aan—a1a3a4—2aoa1a7)

ag =

a%ag

_ 4(a(2)a$+afa4a8+a1a§a7—aoa3a4a7)

a1p = 202
178

_ 8az(apas—2aiaz)
a1 = aya

__ 16aja
a192 = #11 , (30)

ag

and

d3 + a13d2 + (l14d + a5 = O7 (13E)

where a13,a14, and a15 are as given below:

2
2(a1az2ag—ai+aoasar—aiazar)

a13 aijaz—apaq

4(a§a7—aoa1a8—aga2a7)
a1a3—aoa4

a14

o 8a3a7
a15 = ajaz—apgaq (31)

There are four equations in d [(9E), (10E), (11E), and (13E)]
and we can use any one of them to determine d. The remaining
three equations serve as the conditions to be satisfied by the coeffi-
cients of the given nonic equation (1), so that it can be solved. For
example if we choose the quartic equation (11E) to determine d, we
obtain four values of d, namely, di,ds, ds, and dy, and the desired
value of d is the one that satisfies the remaining three equations.
For example if d3 satisfies the equations, (9E), (10E), and (13E),
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then d3 is the desired value of d, and it is used to evaluate the
unknown by through the expression (12E) as given below:

bl — ao(a1a8d3—2a0a7) (].2F)

2[(a1az—aoas)dz—2a2]"

Similarly the unknown cs is determined from (29) using ds. The
unknowns, be and ¢y are determined from (14C) and (26C) respec-
tively. Thus the given nonic equation (1) is successfully factored
as shown below:

[2* +aga®+ (% —03)x2+%b1x+2b1] (22 + % +c3) (a3 +ba+c2) = 0.

Equating each of the factors in the above equation to zero, we
obtain the following three equations:

x* + agxd + (% —03) xQ—l—%blx—&—le =0 (32)
1‘2+a—27+63:0 (33)

23 4+ by +cy =0. (34)

Solving the quartic equation (32), the four roots, x1,xs, 3, and
x4, of nonic equation (1) are determined. Solving the quadratic
equation (33), we establish the values of the two roots, x5 and xg,
of the nonic equation. Solving the cubic (34), the remaining three
roots, x7,xg, and g, of the nonic are determined. In the forth-
coming sections, the behavior of the roots of such a solvable nonic
equation, and the three conditions to be satisfied by its coefficients,
are discussed. In the last section, a numerical example of the nonic
equation, solvable through this method, is given.

Behavior of Roots

Observing the quadratic equation (33), we note that the = term
is missing, which means the sum of the roots, x5 and xg, is zero as
shown below:

r5 + a6 =0,

or. equivalently, that one of the roots xg can be expressed in terms
of the other root x5 as:

re = —x5,  (35)
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where x5 is given by:

M

ne (g ea)

Consider the cubic equation (34); wherein the z? term and z
term are missing. This means the roots of cubic (34), x7, zs, and
xg, are related as indicated below:

T7+ a8+ 29 =0

.’L‘7(.’E8 + l‘g) + xgxrg = 0. (36)

It can be easily shown from the above two equations (36) that the
roots, xg and xg, can be expressed in terms of the root x7 as given
below:

7g = I (—1 +3%¢)

vo=% (-1-3%),  (37)
where z7 is the principal cube root of the cubic (34) and is given
by:

ol

T7 = [—(bg + CQ)] .

Thus the given nonic equation (1) is solvable through the proposed
method, if three of its roots are dependent as expressed in (35) and
(37).

Conditions for Coeflicients

Even though any one of the four equations, (9E), (10E), (11E),
and (13E), can be chosen to determine d, there is some merit in
choosing (11E) to determine d and choosing the other three equa-
tions to serve as conditions for the coefficients of (1). Notice that
the coefficients, as, a5, and ag, are missing from (11E). However
these coefficients (az,as, and ag) are available in linear form in
equations (13E), (10E), and (9E) respectively. Therefore, while
the quartic equation (11E) is used to determine d (obtaining the
four values, di,ds,ds, and dy), the equations, (13E), (10E), and
(9E), are used to obtain expressions for as, as, and ag, respectively,
as shown below, ultimately to serve as the conditions for the coef-
ficients.
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_ (apas—aq a3)d3+[2a§+2a7 (a1a3 —a0a4)]d2+(4a0 aijag —4a§a7)d—8a[2)a7
- 2d(a1a8d72a0a7)

a2

(13F)
as = 2a7d3_d42:i82a3d—16a1 (IOF)
ag = a d4+4a4d22;38a2d+16a0 (QF)

If the given nonic equation (1) can be solved through the pro-
posed technique, then at least one of the four values of d should
yield the correct values of the coefficients, as, as, and ag, from the
expressions, (13F), (10F), and (9F), respectively.

Numerical Example

Let us solve the following nonic equation using the proposed
technique:

29 + 228 — 5627 — 17025 + 55125 + 1888z

+25623 + 428022 + 18688x + 13440 = 0.

First we must check whether the above nonic is solvable with this
technique by applying the conditions, (9F), (10F), and (13F), for
its coefficients. For this purpose we determine the parameters
ag, @10, G11, a12, 13, 414, and ajs, using the expression sets, (30)
and (31), as:

ao = 191.8608, a0 = 6243.216,  ay; = —94730.52,
a1p = —4186112, a3 = 130.3843,  ay4 = 3271.115,
and a5 = 3930.137.
Using the above parameters the four values of d (dy, d2, ds, and dy)

are determined by solving the quartic equation (11E), as indicated
below:

dy=—-32, do=—146, ds = —37.655455,

and dy = 23.794693.
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We notice that d; satisfies the equations, (9F), (10F), and (13F),
confirming that the given nonic (in the example) is solvable through
this method. Therefore d; becomes the desired value of d, and
using dj, the unknowns, b; and c3 are evaluated from (12F) and
(29) respectively as: by = —52.5, ¢5 = 12. Further, the unknowns,
by and ca, are determined from (14C) and (26C) as: by = —69, and
¢ = 77. Substituting these values, the quartic equation (32), the
quadratic equation (33), and the cubic equation (34) are expressed
as follows:

xt + 223 — 4022 — 1462 — 105 =0
2 —16=0
22 +8=0.

Solving the above equations, the nine roots of the nonic equation
(in the example) are obtained as: —1,—3,—5,7,4,—4,—2,1 — 334,
and 1+ 3%2'7 where i = /—1.

Notice that in the numerical example above, the quartic equa-
tion (11E) yielded four values of d: —32,—146, —37.655455, and
23.794693. The coefficients of the nonic equation satisfied the con-
ditions stipulated by (9F), (10F), and (13F), with d = —32. If the
other three values of d are chosen and used in (9F), (10F), and
(13F), we obtain three sets of ag, as, and as, as indicated below.

For d = —146, the coefficients are:

ay = —10112.11, as = —1248.014 and ag = —172.701.
For d = —37.655455, the coefficients are:

az = —29908.3933 as = 633.5535 and  ag = —152.0208.
For d = 23.794693, the coefficients are:

as = 34826.3913 as = —918.3078 and ag = 160.229.

This means that for a set of six coefficients, ag, a1, as, aq, ar, and
ag, one can form four different nonic equations (with four sets of
az, az,and ag), which satisfy the conditions (9F), (10F), and (13F).
One of the four nonic equations is solved here, and the other three
are shown below:

29 + 228 — 5627 — 172.70125 — 1248.01425 + 1888z*

+25623 — 10112.1122 + 18688z + 13440 =0
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29 + 228 — 5627 — 152.020825 + 633.55352° + 1888x*

+25623 + —29908.393322 + 18688z + 13440 =0

29 + 228 — 5627 + 160.2292% — 918.3078x° + 1888x*
+2562% 4 34826.3913x2 + 18688z + 13440 = 0.

The interested reader may find the roots of the above three nonic
equations.

Conclusions

A decomposition technique to solve certain types of nonic equa-
tions is presented, wherein the given nonic equation is factored into
quartic and quintic polynomials in a novel fashion. All nine roots of
the nonic equation are determined in radicals by using the so-called
supplementary equations.
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